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ABSTRACT 
The effects of concentration and composition upon the rheo-
logical properties of concentrated monomodal, bimodal, and trimodal 
suspensions of neutrally buoyant rigid spheres in Newtonian fluids 
were experimentally determined. Isothermal flow curves were calcul-
ated from torque measurements made with a Gilinson-Dauwalter-Merrill 
concentric cylinder viscometer with a stationary inner cylinder, a 
diameter ratio of l.08, and a gap of 1.5 mm at as many as ten dis-
tinct shear rates between ·o.06 and 100. inverse seconds. Median 
sphere diameters were 26, 61, 125, l83, and 221 microns. End effects 
were determined by a two bob technique, and smooth and artificially 
roughened cylinders were used to determine wall effects. 
Monomodal suspensions were found to be power law fluids 
with strictly Newtonian flow properties at concentrations of 35 vol-
ume percent of solids or less, but exhibiting dilatancy at concen-
trations above 40 volume percent of solids. Relative viscosities 
c:ind a value of the Mooney self-crowding factor, A .. , are reported for 
11 
monomodal suspensions with concentrations between 20 and 40 volume 
percent of solids, and the power law p ~ rameters are reported for 
monomodal suspensions with concentrations between 40 and 52 volume 
percent of solids. 
Bimodal suspensions were found to be power law fluids with 
strictly Newtonian flow properties in the range of total concentra-
tions up to the onset of dilatancy at total concentrations near 60 
v 
Abstract -- Continued 
volume percent of solids for compositions at which the relative vis-
cosity was minimized. The Mooney bimodal crowding factors, A .. , . 
J.J 
were determined at nine diameter ratios between 0.12 and 0.68. 
Trimodal suspensions with size ratios 0.14, 0 . 33, 1, at a 
total concentration of 45 volume percent of solids were found to be 
Newtonian fluids. The relative viscosities of these trimodal sus-
pensions were found to be greater at all compositions than the mini-
mum relative viscosity of an equally concentrated bimodal suspension 
of spheres with a size ratio of 0.14. 
The experimental results were discussed in tenns of pre-
vious investigations and of the principal theoretical results appear-
ing in the literature. Additional work was recommended in order to 
define the limits of Newtonian flow and the power law parameters for 
bimodal and trimodal suspensions as a function of size ratio, com-
position, and concentration. The approximate location of the antici -
pated minimum in relative viscosity as a function of trimodal c.om-
position was discussed. 
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INTRODUCTION 
This is an account of research in one of the important 
topics in the study of the flow of fluid-solid mixtures: the rhe-
ology- of suspensions. The approach taken was the first of the three 
described by Rivlin at the I.U.T.A.M. Symposium on the flow of fluid-
solid mixtures: " ••• (l) find out the experimental facts, using 
theory only to obtain meaning:f'ul results; (2) construct physical 
models (a mathematical, not an engineering, exercise) and proceed 
from the particular to the general; (3) produce a general theory with-
in a broad framework ••• " On that occasion, Rivlin was paraphrased as 
having " ••• reminded the audience of the great importance of method (l) 
which provides our knowledge of real materials; method (3) is often 
attacked as being unrelated to real materials, but that it is often 
method (2) which misrepresents the facts." (14) 
The rheology- of suspensions is one of those research areas 
which has both a wealth of immediate practical applications and a 
continuing scientific significance. The problem of measuring, con-
trolling, and predicting the flow behavior of concentrated suspensions 
of solid material in a liquid vehicle has been industrially important 
for a long ti~e and remains so today. The particular problem of the 
viscosity of concentrated suspensions of neutrally buoyant, rigid 
spheres in Newtonian fluids has been of theoretical interest for over 
sixty years. Contributions to this theory continue to appear regu-
l arly in the recent scientific literature. 
2 
The theory seems to have outstripped the evidence. The 
experimental evidence on monomodal suspensions has been debilitated 
by marked discrepancies between investigations, illustrated in Fig-
ure l, and so has not been able to f'urnish a sufficiently powerful 
test of the many conflicting theoretical results. The experimental 
literature is at odds over the concentration at which suspensions 
become non-Newtonian, and over the range of influence of composition 
upon the relative viscosity of multimodal suspensions . There is a 
pervasive belief in a similarity between concentrated suspensions 
and packed beds of spheres, but that relationship has never been de-
fined. Some potentially useful predictions of the theory, particu-
larly in the area of viscosity minimization, have yet to be thorough-
ly explored. 
Recent developments in rotational viscometers have made 
available a new instrument, the Gilinson-Dauwalter-Merrill (GDM) con-
centric cylinder rotational viscometer , of radically improved accuracy 
and precision. Use of this instrument in the determination of the 
flow curves of concentrated suspensions of rigid spheres offers new 
opportunities to make significantly more sensitive comparisons of 
theory and experiment. The potentially useful predictions of the 
theory about viscosity minimization can be caref'ully tested by new 
data of reduced experimental uncertainty and wider scope. 
In the following pages, the literature on the relative vis-
cosity of concentrated suspensions of neutrally buoyant, rigid 
3 
spheres in Newtonian fluids is summarized, with special emphasis 
on those investigations which included suspensions contain~g more 
t han one size of spheres. The objectives of this research are set 
forth in the light of this summary. The materials, equipment, and 
methods employed in the work are described. The experimental re-
sults are stated and discussed in the framework of previous work and 
the objectives laid down for the present work. The conclusions are 
drawn to meet the objectives as far as possible, and recommendations 
are made for use:f\il extensions or continuations of this research. 
Nomenclature 
The following symbols and conventions will be used through-
out this account. Other symbols will be defined in the context in 
which they are employed. 
µ coefficient of viscosity; the constant ratio of shear 
stress to shear rate in Newtonian fluids, 
the slope of the flow curve for non-Newtonian fluids, 
d-; 
µ = dy (-;) 
poise, or g/cm sec. 
µ the viscosity of a pure fluid or a mixture of fluids. 
0 
µs the viscosity of a suspension. 
µr relative viscosity of a suspension, the ratio of the vis-
4 
cosity of a suspension to the viscosity of the pure 
suspending fluid at the same conditions of shear rate, 
temperature: 
dimensionless. 
total volwne fraction or volume percent of spheres in a 
suspension, dimensionless. 
volwne fraction of the ith size, or group of spheres in a 
suspension containing more than one size or group of 
spheres. 
~m total volume fraction of spheres of all sizes at which 
the relative viscosity of a suspension tends to infinity. 
~o volume fraction of fluid in a suspension. 
0
0 
angular velocity of the outer cylinder, radians per second. 
T viscous shear stress, the force per unit area exerted on 
a surface by a fluid in laminar flow past that surface;. 
2 dynes/cm . • 
r 1 viscous shear stress a.t the surface of the inner cylinder 
in concentric cylinder viscometer. 
~ cylindrical coordinate, angle. 
y shear rate, the rate of change of fluid velocity with 
distance in the direction perpendicular to the stream-
lines; reciprocal seconds. 
5 
y(T1 ) shear rate at the surface of the inner cylinder in a con-
centric cylinder viscometer. 
X.. the crowding factors of Mooney's equation for the relative 
1J 
viscosity of a multimodal suspension of spheres. 
L height of the bob in a concentric cylinder viscometer, cm. 
M torque, dyne cm. 
r radius or radial space coordinate, cm, or microns (µ). 
r. ,r. 
1 J 
radius of the ith, jth, size of sphere, respectively, 
with subscript 1 denoting the smallest sphere, microns. 
s ratio of outer cylinder (cup) radius to inner cylinder 
(bob) radius in a concentric cylinder viscometer. 
T temperature, degrees Celsius. 
"Concentration" denotes the sum of the volume fractions of all 
sizes: of spheres in a suspension of spheres; the ratio of 
total volume of solids to the total volume of the suspension; 
dimensionless, expressed either as a decimal fraction or as 
a percentage. 
"Composition" denotes the physical make-up, on the basis of dia-
meter, of a mixture of spheres. Composition is expressed in 
terms of "size distribution", the fraction of solid volume in 
a mixture contributed by each size of sphere, expressed as a 
percentage, and "size ratio", the ratio of radii or diameters 
of each size of sphere to the largest size in the mixture, 
expressed as a decimal :fraction. 
6 
"Multim.odal" is the generic term used to designate suspensions 
or mixtures of spheres for which a histogram. of number of 
spheres versus diameter of sphere would show more than one 
distinct maximum; 
11 bimodal11 denotes those with two predominant and clearly de-
fined sizes; 
"trimodal" denotes those with three predominant and clearly 
defined sizes, etc. 
The "flow curve" of a material is the graph of shear stress (ordin-
ate) versus shear rate (abscissa) under isothermal conditions; it 
may be on arithmetic, logarithmic, or sometimes square root co-
ordinates. It is the basis for the rheological classification of 
materials. 
Summary of the Literature 
The more th<.lll sixty years of theoretical interest in the 
relative viscosity of concentrated suspensions of spheres has re-
sulted in a luxuriant literature which Rutgers (42,43) and Thomas 
(51) have reviewed. More recent contributions by others and the 
highlights of the literature on monomodal suspensions will be sum-
marized before going on to the more limited literature of multi-
modal suspensions. 
The field was pioneered in 1905 by Einstein (16), who 
arrived at the following result for the relative viscosity of a di-
lute suspension of spheres in a Newtonian fluid: 
7 
t.L = 1 + l/~ 
•r l-2cp = l + 2.5cp 
in which u is relative viscosity and cp is the concentration (volume 
'r 
fraction) of spheres. 
The principal assumptions in his derivation were: 
the spheres were small, rigid, smooth, unifo:rm in size, 
and inertialess; 
there was no slip at the fluid/solid interface; 
the spheres and fluid were of equal density; 
the suspension was so dilute that there was no interaction 
between spheres, and 
the suspension was isothermal. 
By 1962, Rutgers (42) was able to collect no less than 
ninety-eight distinct theoretical equations relating relative vis-
cosity to the concentration of solids in various sorts of suspen-
sions. His classification of these formulas, with examples, is 
shown in Table 1. In his discussion, Rutgers pointed out that exper-
im.ental verification had been claimed for all of the equations. For 
the special case of generally Newtonian suspensions of small, uni-
form, rigid spheres which neither aggregate nor solvate in Newtonian 
fluids of lower viscosity and equal density he concluded that the 
following five equations had validity over usefully wide ranges of 
concentration: 
Ford (20): 5 7 1 - 2 • 5<p + 11. Qp - ll. 5cp 
8 
Vand (54): (l - cp - l.20cp2 )2 •5 
cpm = 0.59 
Sim.ha (45): µr = l + 2.5 L>.. (cp ,:r)J q> 
Maron (34): l + AElKP~FO B (l. 3;iq, )2 
. µr = + 2 (l-l.35cp)3 (l-l ~ 35cp )5 (l-l.35cp) 
Mooney (37) : µr 2.7&$ = OK~ = l-l.29p l-l. O:p 
All but the Ford equation have a theoretical development, and Rutgers 
was unable to choose any one as being the most sound, but indicated 
a preference for the Vand and Mooney equations. He was of the opin-
ion that more exact measurements of viscosities of suspensions of 
spheres were needed, especially at concentrations larger than twenty 
percent of spheres by volume. 
In a companion paper, Rutgers (43) also reviewed the ex-
perimental results in the literature for monomodal suspensions of 
rigid spheres. On the basis of his own judgment he chose several 
sets of data from which he produced an "average sphere concentration 
curve" of relative viscosity versus volume concentration of spheres. 
This curve, which he termed rather arbitrary, was claimed to be valid 
for all shear rates for concentrations less than twenty percent, and 
for moderate shear rates for concentrations between twenty-five ~d 
forty-five percent, but to "merit less than reasonable confidence" 
for concentrations above forty-five percent. He suggested that 
9 
TABLE 1 
Rutger's Classification of Relative Viscosity Equations 
1. Einsteinian µ, = 1 + krp 
r 
2. General progression 2 3 µ =l+krp+.Aq> +B:p + •• • 
r 
3. · Logarithmical lnµ =krp 
r 
4. Power log µ, = a + n log ~ 
r 
5. Fluidity progression 1 2 3 1-krp+Acp +ftp+ ••• 
6. (Polynomial) 
7. Those with: 1 1 - ~ 
8. Logarithmical with cp terms in numerator and denominator 
9. Mixed 
- krp + hfJ2 
log µr - 1 + B:p 
2 
Ll = l + krp + A~ + B exp (ecp) 
·r 
10. Various (van der Peel's numerical solution) 
0 0.1 0.2 0.3 o.4 0.6 0.65 0.70 
1.0 1.29 1. 73 2.50 4 .. os 8.10 21.4 42.5 79.0 
10 
relative viscosity was independent of sphere size in good quality 
monomodal suspensions, except for the very small sizes less than five 
microns in diameter. Some critical concentrations were suggested, 
and the call for more accurate experimental work between twenty and 
fi~y percent concentrations at varying shear rates was repeated. 
Rutger's "average sphere concentration curve" is shown in Figure 1. 
The more recent review of experimental results by Thomas 
(51) resulted in a new summary curve of relative viscosity versus 
concentration of spheres as shown in Figure l also, and the follow-
ing new equation for relative viscosity: 
. 2 
µ = l + 2.5cp·· + 10.05cp + 0.00273 exp(l6.6p) 
r 
The constants in the last tenn are empirical and were determined by 
a least squares fit to the new summary curve. The other constants 
are from previous theoretical treatments (54,33). Thom.as' handling 
of the published data is very interesting. By means of several ex-
trapolations he attempted to eliminate non-Newtonian, inertial, and 
inhomogeniety effects so as to isolate the concentration dependence 
of relative viscosity. It appears from his plots that he was able to 
use only four of the sixteen sets of data he cited in plotting his 
new summary- curve. Thomas attempted to fit a variety of equations to 
the new curve: in particular, the one given above, and a pair of 
theoretical equations due to Simha (45) in which he was able to eval-
uate an adjustable parameter, f, which had been supposed a function 
of concentration. Thom.as got a good fit with a single value. There 
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seem to be three important features in Thomas' review: 
much of the published data is not comparable (implied); 
the new curve and the new equation requiring only two 
empirical constants; and 
a new requirement for experimental data, namely that they 
should be taken over a sufficiently wide range of 
shear rate and sphere size ta permit the secondary 
effects ta be either evaluated or eliminated. 
In a commentary accompanying Thomas' review, Simha and 
Somcynsky (46) used Thomas' new summary . curve to re-examine the 
earlier theory by Sim.ha, and found satisfactory agreement between 
the curve and the theory for a fixed value of the adjustable ~aram-
_eter • . Here again, the existing data were suggested 'to b'e inadequate 
to properly test the theory, since the parameter was originally pre-
sumed to be concentration dependent. 
In the more recent theoretical contributions, Chong (10) 
employed a solution of the equations of creeping motion and continuity 
to derive the following equation for relative viscosity 
in which 
4 - 16 cp7/3 - 84 2/3 
25 25 cp 
~ = 4 (1 - cp5/3 )2 O~ (1 - cp2/3 )2 
In his discussion of this equation and the experimental evidence, 
Chong remarked that the hydrodynamical, fluid cage model, treatment 
l3 
of the calculation of the relative viscosity of monomodal suspen-
sions appears to be inadequate at concentrations above fifty volume 
percent solids. 
Keller et al. (28) have derived theoretical upper and lower 
bounds on the relative viscosity of a suspension of identical spheres 
for concentrations up to that corresponding to simple cubic packing. 
For the case of rigid spheres, their expression simplifies to 
11' The lower limit is a constant, l + 6' for high concentrations. At 
low concentrations their expressions reduce to the Einstein equation. 
The upper limit is plotted on Figure 1. 
Frankel and Acrivos (21) derived the following equation for 
relative viscosity at high concentrations: 
(ep /r.p )1/3 9 m 
= ~ 1 - (cp /cp )1/3 
m 
The derivation assumed high concentration of spheres, so that 
cp/cp -- 1 m 
and also assumed a simple cubic orientation of neighboring spheres in 
order to evaluate the leading constant. The leading constant is 
14 
sensitive to the geometry assumed to exist between the spheres in the 
suspension, but the simple cubic assumption was claimed to best fit 
the experimental data. This equation was shown to fit both-the 
Rutgers and the Thomas curve in the high concentration range, provid-
ed cp was determined separately from each curve. Frankel and Acri-
m 
vos made two especially interesting observations: 
they characterized the agreement among the various 
investigations of relative viscosity at high con-
centration as "poor", and 
they suggested that collisions, aggregation, and in-
ertial effects may be of minor importance in the 
usual experimental arrangements. 
Moulik (38) proposed the equation 
(µ )2 = a + b cp2 
r 
on empirical grounds based on observations of the change in relative 
viscosity of electrolyte solutions with concentration, in the con-
centration range beyond that in which the Einstein equation is valid. 
Allen and Kline (6) employed a continuum model with a sub-
structure to derive an expression for the relative viscosity of a 
suspension of rigid spheres which is of the form of a two term fluid-
ity polynomial. The most interesting result of their theory, for 
present purposes, is their derivation of an internally consistent 
concentration limit on the validity of their theory. Allen and Kline 
put the limit of validity of their theory at forty volume percent or 
less. 
15 
Lee (30) extended Vand's equation and the Roscoe-Brinkman 
equation to a dependence on higher powers of concentration based on 
arguments concerning the hydrodynamic effects of collision multi-
plets and the trapping of suspending fluid by collision multiplets. 
His discussion of these equations in relation to the experimental 
data is limited to the behavior of colloidal suspensions at low to 
moderate concentrations where the rheological behavior resembles 
that of a Bingham plastic. 
There is a lengthy record of theoretical and experimental 
effort to measure and calculate the flow behavior of suspensions of 
submicron and micron sized latex particles contained in the pages of 
Journal of Colloid and Interface Science, and elsewhere. These in-
vestigations can be characterized by a single dominating factor: 
the treatment of the electroviscous effect. Where electroviscous 
effects are neglected, incompletely suppressed, or inadequately 
dealt with, flow studies very nearly always report non-Newtonian flow, 
variation of relative viscosity with sphere diameter, and failure of 
the usual equations describing relative viscosity as a function of 
concentration. By way of contrast, Stone-Masui and Watillon (48) 
and Brodnyan (8) were able to report Newtonian flow, superposition 
for all sizes, and good agreement with the Mooney equation for low 
concentrations. 
There was no attempt to resolve this difficulty in this 
account, rather the experimental cond.itions--namely, the sphere dia-
meters--were chosen to avoid electroviscous effects as far as pos-
sible. 
16 
Bagnold (7), in what appears to be a unique contribution, 
has measured the viscosity of suspensions of 1300 micron spheres in 
two neutrally buoyant fluids between concentrations of 13 and 62 
volume percent in a Couette viscometer of good design. He reported 
Newtonian flow at concentrations below 55.5 volume· percent and no 
detectable difference between smooth or rough cylindrical surfaces. 
He also reported the presence of a normal stress on the inner cylin-
drical surface and related it to the solids concentration~ He cor" r 
related his results for relative viscosity at concentrations below 
55.5 volume percent with the equation 
T = (1 + A )(1 + ~ A) _µ y 
in which 
1 A.=-----
E~m/c+gF - 1 
cpm = 0.74 
In a more familiar form this is a second order polynomial in 1. _ cKp/~mK 
Clarke (11) reported measurements of the viscosity of water 
suspensions of glass and poly(methylmethacrylate) spheres of 53-76 
micron diameter at concentrations up to 50 volume percent solids. 
The viscosity of these suspensions were reported as Newtonian for 
concentrations up to 50 volume percent, with viscosity a f'unction of 
particle density. Evidence of a minimum in viscosity with size dis-
tribution in a bimodal suspension was found. Evidence of a wall-
suspension slip was claimed, and artificially roughened cylindrical 
17 
surfaces were employed in the rotational instrument used in order to 
prevent such an effect. Unfortunately, the rotational instrument 
used in these measurements did not appear to have produced a vis-
cometric flow, nor were the measurements interpreted in rheological 
terms. 
Lewis and Nielsen (31) reported experimental measurements 
of the relative viscosity of suspensions of dispersed and aggregated 
spheres of 7, 34, 51, and 95 micron diameter at concentrations from 
5 to 50 volume percent solids in a Couette apparatus. They report 
Newtonian flow up to about 45 volume percent and a good fit to the 
Mooney equation in that range of concentrations. Their value of 
1.35 for the self-crowding factor corresponds to a maximum monomodal 
concentration of 0.74. Their measurements showed no electroviscous 
effects at the small diameters, possibly because of the high viscosity 
of their suspending medium, and no influence of sphere diameter upon 
relative viscosity. Their measurements of the relative viscosity of 
suspensions of permanent aggregates of single-size spheres also 
showed Newtonian flow at concentrations up to 35 volume percent . 
Gay et al. (24) reported pipe flow measurements on suspen-
sions of 34.5 and 64 micron glass spheres suspended in glycerine at 
concentrations of 51 and 55 volume percent, respectively. They 
found pronounced non-Newtonian flow, a yield stress, and a complex 
three-part flow curve in the shear rate range between 0.5 and 5.0 in-
verse seconds. 
18 
Seshadri and Sutera (47) reported the relative fluidities 
of suspensions of 43, 460, and 920 micron spheres of styrene di-
vinyl benzene and Dylene 8 in neutrally buoyant fluids, at concen-
trations between five and forty volume percent solids. The flow 
curves and fluidity functions as a function of concentration are not 
displayed. The relative fluidity of t he suspensions does not appear 
to be a function of sphere size or shear rate . 
Chong et al. (10) determined the relative viscosity of 
monomodal suspensions of glass spheres suspended in polyisobutylene 
in concentrations from forty-five to sixty volume percent solids at 
shear rates between zero and six inverse seconds in an orifice-jet 
viscometer of his own design. Pseudoplastic flow was observed, but 
the extrap·olated viscosity at zero shear rate was determined. Re-
lative viscosity at zero shear rate was found to be independent of 
sphere diameter and temperature. The maximum concentration for 
monomodal suspensions was found to be 0.605, and anomalous flow 
curves were observed at concentrations near or exceeding this con-
centration with volumetric dilatancy presumed to be the cause. Chong 
was able to correlate his own and very much other relative viscosity 
and relative modulus data with the following equation: 
in which~ = 0.605. 
m 
19 
The literature specifically concerned with multim.odal sus-
pensions of spheres has not been so well reviewed. In the following 
summary, the principal theoretical and experimental results for the 
effects of size distribution of spheres upon the relative viscosity 
of multimodal suspensions are cited. The theoretical predictions of 
the lower bound on relative viscosity are also given. 
The theoretical results for the combined effects of the 
composition of the mixture of spheres in a multimodal suspension upon 
relative viscosity are of two general types: Mooney's equation and 
equations involving only cp • The term "composition" will be used to 
m 
denote the make-up of a mixture of spheres on the basis of diameter 
as described by size distribution (percent o:f solid volume contributed 
by each size Of sphere), and size ratio (ratio of radii or diameters 
of each size of sphere to the largest size in the mixture) • By con-
trast, "concentration11 will always be used to denote the total volume 
fraction of spheres of all sizes in a suspension. 
Mooney (37) gave two forms o:f his equation: 
for multimodal 
n 
ln µr = 2.5 I 
i=l 
suspensions of n sizes 
cp 
ln µ 
r 
2.5 s 
0 
n 
\ X .. cp. l JJ. J 
j=l 
of spheres, and 
Ckp. 
l. 
s~ 1 - X .. aq,. 
0 JJ. J 
20 
for suspensions with a continuous distribution of sphere sizes. 
~· is the volume fraction of the ith size of sphere, and A·. is an 
i 1J 
interaction or crowding factor. Mooney did not evaluate the inter-
· action factors in detail, but deduced their general behavior as a 
f'unction of radius ratio as shown in Figure 2. Aii is the constant 
in the denominator in the monomodal form of Mooney's equation dis-
cussed previously. Mooney left the determination of the interaction, 
or crowding, factors to experiment. He called for experimental data 
from measurements on mono-, bi-, and multimodal suspensions over a 
range of closely controlled composition and concentration. 
Farris (19) employed the synthetic fluid concept to derive . 
on phenomenological grounds an equation of the ooscoe~Brinkman type 
for the relative viscosity of multimodal suspensions of spheres 
whose size ratios are always less than 0.1 so that they may be con-
sidered non-interacting. The minimum relative viscosity for multi-
modal suspensions of any composition at a given concentration, and 
the optimum compositions of bimodal, trimodal, and tetramodal sus 
pensions of non-interacting spheres were calculated for concentra-
tions between sixty-four and ninety volume percent solids. The 
effect upon relative viscosity of the conversion of a concentrated 
monomodal suspension to a bimodal suspension by the successive addi-
tions of larger, or smaller, non-interacting spheres was calculated. 
For bimodal suspensions of spheres in which the size ratio is larger 
than 0.1, a crowding f actor resembling Mooney 's small-sphere crowd-
ing factor was introduced, and the need for experimental data with 
Figure 2. 
21 
0 
Properties of the Mooney bimodal crowding factor, X ..• 1J 
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which to evaluate it was expressed. 
It is important to note that Farris writes of the viscosity 
of monomodal suspensions of concentrations of sixty volume percent 
and of multi.modal suspensions of concentrations of ninety volume 
percent. There may be some question as to whether or not these 
concentrations are rheologically attainable. 
The second type of theoretical result is the class of rel-
ative viscosity equations which incorporate the ~ parameter. cp is 
m m 
the total volume fraction of spheres of all sizes taken together at 
which the relative viscosity of a suspension tends to infinity. 
Some examples of these equations are: 
[ 2 5i' ]2 µ. = 1 + 2 El~/cpmF r Eilers (15) 
Roscoe (41) [ J-2 .5 µr = 1 - _L 
cpm 
Frankel and Acrivos (21) 
The appropriate value for cp has been discussed most widely 
m 
in the context of monomodal suspensions of equal sized spheres, using 
the packing behavior of equal sized spheres as a model. However, 
there exists a considerable body of information on the packing be-
havior of mixtures of different sizes of spheres which has been re-
viewed by Haughey and Beveridge (26). Several previous investigators 
23 
(8,10,49,55) have suggested that the dependence of maximum. density 
upon composition in multimodal packed beds of spheres may offer a 
means of applying the ~ form of relative viscosity equations to 
m 
multimodal suspensions. 
A recurring feature of the theoretical treatment of multi-
modal suspensions is the concept of a synthetic fluid. The largest 
spheres in a multimodal suspension are viewed as being immersed in a 
synthetic fluid composed of the liquid plus all the smaller sizes 
of spheres. The relative viscosity of the suspension is calculated 
on the basis of a monomodal suspension of the large spheres in a 
fluid of increased viscosity. The relative viscosity of the syn-
thetic fluid is calculated on the basis of a monomodal suspension 
of the second l argest spheres in a synthetic fluid composed of the 
liquid and all smaller sizes of spheres, and so on. The relative 
viscosity of the multimodal suspension is ultimately expressed as 
the product of monomodal relative viscosity factors, one factor for 
each size of sphere: 
In the relative viscosity factor for the ith size of sphere, the 
volume fraction ~i is to be adjusted as though the larger sizes of 
spheres were not presentI~-~·= 
co'. 
cpi 
= i-1 '1 
1 
- I cpi 
1 
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in which the ith size of sphere is presumed to be smaller than. the 
. lst J.+ • 
It should be mentioned here that A .. or the constant in 
J.J. 
the denominator of the monomodal form of the Mooney equation is of-
be (M )-l. ten considered to \y 
m 
In most of the treatments of ~ to date, ~ has been deter-
m . m 
mined by fitting the relative viscosity equation to the experimental 
data using cp as an adjustable parameter. The value of cp so deter-
m m 
mined has been interpreted as indicating the type of sphere packing 
obtained in the suspension for which relative viscosity is infinite. 
The experimental literature for multimodal suspensions has 
been summarized in two .parts: Table 2 is a summary of the concen-
trations, sizes, size ratios and size distributions of the multi-
modal suspensions reported in the literature. (It can be made to 
fold out for convenient reference.) A brief statement of the find-
ings of the previous investigators, and other comments, is given 
below. The order is approximately chronological. 
Ward and Whitmore (55) used a rising sphere viscometer to 
measure the viscosity of suspensions of methyl methacrylate polymer 
spheres in an aqueous solution of lead nitrate and glycerol. Their 
• 
results were stated in terms of relative viscosity as a function of 
concentration and size ratio. They plotted relative viscosity versus 
size ratio, with concentration as a para.meter. By extrapolating 
these curves to a size ratio of unity, they obtained the relative 
viscosity of perfectly monomodal suspensions as a function of con-
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centration. They concluded that relative viscosity was independent 
of shear rate, sphere size, and liquid viscos ity for concentrations 
up to 3CP/o. They found that relative viscosity at a fixed concen-
tration decreased as the size ratio of the smallest to the largest 
sphere decreased from unity. The limiting value of relative vis-
cosity was reached at size ratios of a.bout 0.3 for all concentra-
tions up to 3CP/o. They note the possibility of electrostatic effects 
upon the viscosity of dielectric spheres in a non-polar liquid, but 
attribute the effect to forces other than the electrical double 
layer 11 zeta potential. 11 
Eveson, Ward, and Whitmore (18) used a concentric cylinder 
viscometer to measure the properties of bimodal suspensions of 
methyl methacrylate spheres in an aqueous solution of lead nitrate 
and glycerol. Non-Newtonian behavior was reported for concentrations 
greater than 5%. The properties of the liquid were claimed to be 
unimportant so long as chemical reactions, flocculation> or electro-
static effects were absent. Systematic variation of relative vis -
cosity with size distribution, with a minimum, was found at concen-
trations greater than le>%. This was concluded not to be due to the 
effect of packing among the spheres since closest packing in beds of 
spheres was claimed to occur at compositions of about l% small 
spheres. The minimums in relative viscosity versus size distribution 
were observed at suspension compositions of slightly less than 5<Y/o 
small spheres. Surface area was not considered to be an important 
variable. The suspensions were suggested to behave as suspensions 
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of the larger spheres in a (synthetic) fluid consisting of a suspen-
sion of small spheres. 
The source of their infonnation about the packing of 
spheres is not cited; it would seem to be in error. 
Maron and Madow (34) used capillary tube and concentric 
cylinder viscometers to make measurements on bimodal suspensions of 
rubber latices. The bimodal suspensions were found to be non-New-
tonian above concentrations of OR~K Relative viscosity as a func-
tion of size distribution was found to have a minimum for size dis-
tributions of 5oo/o to 901/o small spheres at concentrations higher than 
about 3CP/o. The experimental results were fitted with an equation of 
the Mooney type, with tp to be determined. cp was found to be a 
m m . 
function of size distribution, and to compare very well with the 
values of maximum volume fraction of solids in packed beds of spheres 
as predicted by the theories of Furnas (23) and Frazer (22). The 
results were considered to be in excellent agreement with Frazer. 
The results were claimed to show that multimodality can contribute 
materially to the tightness of packing of spheres in a suspension, 
and hence multimodal suspensions should exhibit flow at higher con-
centrations than monom.odal suspensions. 
Williams (56) used a concentric cylinder viscometer to 
make measurements upon bimodal suspensions of glass spheres in solu-
tions of glycerol and water. The suspensions were Newtonian for 
concentrations up to 5oo/o. The plots of relative viscosity versus 
size distribution did not display definite minima. He offered the 
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generalization that size distribution of rigid spheres in a multi-
modal suspension markedly affected the viscosity at concentrations 
higher than 301/o. He observed that the data then available on the 
effect of size distribution were insufficient to allow conclusive 
empirical relationships to be derived. 
As a part of his discussion, Williams gave a compact de -
scription of the preparation, fractionation, and particle size 
analysis of small glass spheres • 
. Sweeny and Geckler (50) used a concentric cylinder vis-
cometer to measure the properties of four bimodal suspensions of 
glass spheres in an aqueous solution of zinc bromide and glycerol 
over a range of shear rates. The size ratios of the spheres were 
chosen in accordance with the theory by Hudson (27) on the packing 
of spheres. Viscosity of the bimodal suspensions was found to be 
reduced from the viscosity of monomodal suspensions of the same 
concentration. The authors concluded that the data presented gave 
quan~itative evidence of the effect of bimodal size distribution 
in reducing the viscosity of concentrated suspensions and qualita-
tive proof of the interpretation of the crowding factors of the 
Mooney equation. 
Ting and Luebbers (52) used a Brookfield viscometer to 
measure the viscosity of binary and trimodal mixtures of glass beads 
in mixtures of carbon tetrachloride and s-tetrabromoethane, castor 
oi l and s-tetrabromoethane, and possibly corn syrup. Measurements 
were made at only a single shear rate for each suspension. These 
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authors do not present their results in terms of relative viscosity 
and size distribution or concentration, but give instead a correla-
tion equation in a rearrangement of the following equation: 
They note that ~ of a multimodal mixture can be greater than in a 
m 
monomodal mixture, but recommend the use of~ from monomodal mix-
m 
tures in their correlation, compensating with an empirical coeffici-
ent. It was pointed out that the size distribution of particles does 
affect the viscosity of suspensions and that the effect is related 
to the packing of the spheres in the suspension. 
Metzner and Whitlock (35) used both rotational and capil-
lary viscometers to measure the flow properties of monomodal and one 
trimodal suspension of glass beads in a sucrose solution. Their 
principal purpose was to investigate rheological dilatancy, and 
since dilatancy was not observed in any of the suspensions of glass 
beads, they didn't report the results of the measurements. Presum-
ably the trimodal suspensions were Newtonian. 
Eveson (17) -reported results based on measurements taken with 
a concentric cylinder viscometer on several bimodal and one trimodal 
suspension of methyl methacrylate spheres in an aqueous solution of 
lead nitrate and glycerol. He found Newtonian behavior at all con-
centrations up to 22.5%. An effect of size distribution on relative 
viscosity was found only at concentrations over 201/o. He compared tlE 
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experimental relative viscosities to those calculated from a syn-
thetic fluid formulation using experimental monomodal relative vis-
cosities, and found good agreement up to a different concentration 
for each composition. The single trimodal suspension showed gener-
ally lower relative viscosity than for monomodal suspensions of equal 
concentration. The methacrylate spheres were noted to absorb water 
from the suspending solution. Eveson recommended further work on 
trimodal suspensions. 
Sweeny (49) determined relative viscosity as a function of 
size distribution in bimodal suspensions of glass beads in an aqueous 
solution of zinc bromide and glycerol. The size ratios were chosen 
on the basis of the sphere packing theory of Hudson (27). The re-
sults show that minima in relative viscosity as a !'unction of. size 
distribution occur at 25% to 5CP/o small spheres in agreement with the 
theories of bulk density in packed beds of spheres (22,23). The 
interaction factors, A12 and A21 , appearing in the bimodal form of 
the Mooney equation are evaluated at the chosen size ratios . The 
behavior of the interaction factors as a function of size ratio was 
in general agreement with Mooney's theoretical deductions, but were 
generally smaller in magnitude and appeared to be concentration de-
pendent. The close resemblance between the bulk density and relative 
viscosity relations was pointed out and further work was suggested 
to relate the Mooney theory to the packed bed theory. 
These results are somewhat marred by a time dependency of 
the properties of the suspensions which may have been caused by 
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hygroscopic behavior of the suspending solution, and by a shear rate 
dependency. 
Chong (10) measured the properties of bimodal suspensions 
of glass spheres in poly-isobutylene with an orifice-jet viscometer. 
The size ratios were chosen on the basis of Hudson's (27) theory of 
sphere packing. The suspensions were found to be Newtonian at low 
shear rates, but pseudoplastic at shear rates greater than 0 . 2 in-
verse seconds. He concluded that relative viscosity in bimodal sus-
pensions decreased with decreasing size ratio, with relative viscos-
ity approaching a limiting value at a size ratio of 0.10. He offered 
the generalization that the decrease in relative viscosity of bi-
modal suspensions occurs in the direction of increasing bulk den-
sity. The zero shear relative viscosity was correlated with ~ and 
m 
concentration with the equation mentioned earlier. 
Brodnyan (8) determined the relative viscosities of mono-
modal and bimodal suspensions of submicron poly(n-butyl methacrylate) 
latices in an aqueous salt solution from measurements in both capil-
lary tube and rotational viscometers. The Mooney equation, in a 
form involving ~ , was fitted to each set of relative vi cosity-
m 
concentration results with the constants to be determined. The 
values of ~ for the monomodal suspensions were 0.65, 0.645, and 
m 
o.645. ~ for the bimodal suspensions was 0.82 and 0.70. 
m 
He pointed 
out that the values of ~ for the monomodal suspensions are not sig-
m 
nificantly different from the value of 0.636 observed for packed 
beds of equal-sized spheres. He further noted that the increase in 
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~m observed for the bimodal suspensions was also noted in packed 
beds of mixed sizes of spheres. He found reasonable agreement be-
tween the experi~ental values of ~ for the suspensions and the 
m 
results of Yerazunis, et al. (57) for the packing of macroscopic 
spheres. 
Parkinson et al. (39) reported measurements of the viscos-
ities of dilute mono-, bi - , tri-, and tetra-modal suspensions of 
micron and submicron polymer latices in which a minimum in relative 
viscosity with composition occurred near twenty-five volume percent 
small sphere in the bimodal suspensions but no minimum occurred in 
the higher order multimodal suspensions. Regrettably, these re-
sults were marked by the usual difficulties associated with electro-
viscous effects. 
Sacks et al. (44) reported similar results in the pumping 
characteristics of coal char slurries in which a bimodal suspension 
of coal char reduced the pressure drop at constant average velocity 
compared to monomodal or t o polydisperse slurri es, 
The question of the lower bound on relative viscosity has 
been considered by Chong (10), by Prager (40), and by Keller et al. 
(28). Chong claimed to have used the synthetic fluid formulation 
to calculate the lower limit on the relative viscosity of bimodal 
suspensions in which the size ratio approached zero. His values are 
shown on Figure 1. Prager derived the following equation for the 
minimum possible relative viscosity for any suspension whatever: 
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TABLE 2 
Previous Investigations of Multimodal Suspensions 
Investigator 
Ward and Whitmore 
Eveson, Ward, and Whitmore 
Maron and Madow 
Williams 
Sweeny and Geckler 
Ting and Luebbers 
Metzner and Whitlock 
Eves on 
Sweeny 
Chong 
Brodnyan 
Type 
continuous 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
trimodal 
trimodal 
trimodal 
bimodal 
bimodal 
trimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
bimodal 
Sphere 
Diameter, µ 
152-177 
147-208 
72-208 
38 
38, 182 
980 A, l920 A 
4, l2 
l64, 26l.6 
<J7' 261.6 
35. 9, 261.6 
l2.6, 261.6 
not stated 
not stated 
not stated 
28, 57, 100 
46.5, 377 
46.5, 199 
46.5, 199, 377 
l64-262 
'Jl-262 
36-262 
l2.6:.262 
ll2.5-236 
73.8-236 
33.0-236 
0.028-0.074 
0.028-0.23 
(Note to reader: Attach to righthand edge of preceding page.) 
TABLE 2 -- Continued 
Previous Investigations of Multimodal Suspensions 
Composition 
Size Ratio 
0.854 to l.O 
0.708 to 1.0 
0.365 to 1.0 
0.556 to 1.0 
0.208 
o.5i 
0.33 
0.627 
0.371 
0.137 
0.048 
0.59 to 0.85 
o.84/o.42-0.84 
o.84/o.42-0.84 
0.28, 0.57, 1 . 
0.1234 
0.234 
O.l234, 0.528, 1 
0.627 
0.371 
0.137 
0.048 
o.477 
0.333 
o.048 
0.378 
0.122 
Size Distribution 
°/o Small Spheres 
flat-topped continuous 
flat -topped continuous 
flat-topped continuous 
normal distribution 
5, 10, 33.3, 50, 66.6, 90 
o, 9.4, 23.9, 48.6, 73.9, 89 .4, 100 
o, 10, 30, 50 
25 
25 
25 
25 
from 9.1 to 91 
28.5, 57.2, 14.3 
33.3, 44 .4, 22.2 
33.3, 33.3, 33.3, 
o, 50, 75, 100 
o, 25, 50, 75, 100 
33.3, 33.3, 33.3 
25, 50, 75, 100 
25, 50, 75, 100 
25, 50, 75, 100 
25, 50, 75, lOO 
25 
25 
25 
50 
50 
(Note to reader: Attach to righthand margin of preceding page.) 
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TABLE 2 -- Continued 
Previous Investigations of Multimodal Suspensions 
Concentration 
Volume 3 of Spheres 
5, lO, l5, 20, 25, 30 
5, 10, 15, 20, 25, 30 
5, 10, l5, 20, 25, 30 
5, lO, 15, 20, 25, 30 
2-1/2, 5, 7-1/2, 10, 12-1/2, 15, 
23-1/2, 35-1/2, 47-1/2, 56-1/2 
40, 
55 
55 
55 
55 
50 
0 to 45 
0 to 45 
O to 45 
46.o, 58.6, 64.4 
17-1/2, 20 
from 2-1/2 to 22-1/2 at 2-l/2 intervals 
same 
srune 
40, 55 
40, 55 
40, 55 
40, 55 
54 t o 74 
54 to 74 
54 to 74 
5 to 40 
5 to 40 
(Note to reader: Clip and attach to righthand margin of' 
preceding page.) 
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where ~o is the volume fraction of the liquid in the suspension. 
His curve is also shown on Figure 1. The results of Keller et al. 
have already been mentioned. 
Three salient points concerning the rheological behavior 
of suspensions of spheres seem to be at issue in this literature. 
First is the question of rheological characterization: under what 
conditions are concentrated suspensions Newtonian or non-Newtonian? 
Second, what role does composition play; in determining the rela-
tive viscosity, for example? Third, what is the nature of the un-
defined connection between the behavior of concentrated suspensions 
and packed beds which has been affirmed so often? A further point 
of emphasis is the lack of agreement between and among investigators, 
both theoretical and experimental. 
The theoretical equations for relative viscosity imply 
Newtonian behavior at all concentrations, irrespective of composition; 
none have explicit dependence on shear rate, and only the Mooney 
equation is explicitly dependent upon composition. In contrast, 
experimental observations of the onset of non-Newtonian behavior 
have been reported at concentrations as low as 10'/o, and as high as 
55.53. Indeed, for multi.modal suspensions, simple concentration may 
not be an appropriate index to the rheological behavior of concen-
trated suspensions. 
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Effects of composition upon the relative viscosity of bi-
modal suspensions have been reported as beginning at concentrations 
ranging between lafo and 3CJ1/o. In this matter in particular, simple 
total concentration is unlikely to be an adequate index to rheologi-
cal behavior. The effect of absolute sphere size as distinct from 
size ratio in multimodal suspensions is largely unexplored. Pre -
vious investigators have laid uneven emphasis upon the several com-
position variables. 
There is general agreement that the properties of concen-
trated suspensions are in some way related to the properties of 
packed beds, based on the bimodal results. The trimodal data are 
not sufficient to support more than a corresponding suspicion. The 
hypothesized relationship has not been explored or defined in detail. 
The lack of agreement between experimental results from 
similar systems, and the general incommensurability of separate 
results, compounds the f'undamental uncertainties with confusion. 
Several authors, especially the reviewers, have suggested or implied 
a need for more and better experimental data. Rutgers made an ex-
plicit call for it. Thomas, although terming the data "extensive", 
after much manipulation was able to use only four of the sixteen 
sets of data he cited. Sim.ha and Somcynsky echoed the epithet "ex-
tensive", but called attention to the discrepancies between investi-
gators. Frankel and Acrivos described the data as "limited." Chong 
and Sweeny both reconnnended the detennination of relative viscosi-
ties of multimodal suspensions at several compositions and concen-
trations and at several shear rates; for use in checking the (many) 
~ correlations on the one hand, and for use in determining the 
m 
Mooney crowding factors on the other. The same data would be useful 
to explore the connection between the behavior of concentrated sus-
pensions and packed beds surmised by so many previous investigators. 
The current status of the rheology of concentrated sus-
pensions of neutrally buoyant rigid spheres in Newtonian fluids may 
be fairly summarized as being in need of improved experimental data 
aimed at these three goals: 
better rheological characterization of concentrated 
suspensions; 
exploration of the effects of composition on the 
properties of concentrated multimodal suspensions; and 
definition of the relationship between the behavior of 
concentrated suspensions and packed beds of spheres. 
Objective of This Research 
The objective of this research was to experimentally de-
term.ine the effects of concentration and composition upon the rheo-
logical properties of concentrated multimodal suspensions of neutral-
ly buoyant rigid spheres in Newtonian fluids. The isothermal flow 
curves, shear stress versus shear rate at each concentration and 
composition, were determined from torque measurements made with a 
Gilinson-Dauwalter-Merrill concentric cylinder viscometer at up to 
ten shear rates between 0.06 and 100 inverse seconds. The rheo-
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logical character of these flow curves, and the differential and 
relative viscosities calculated from them, were related to the char-
acteristics of the suspensions. The following characteristics of 
monomodal suspensions were controlled: volume concentration of 
spheres, sphere diameter, temperature, and shear rate. The follow-
ing characteristics of multimodal suspensions were controlled: 
total volume concentration of spheres, relative volume concentration 
of each size of sphere (size distribution), sphere diameters, ratios 
of sphere diameters (size ratio), temperature, and shear rate. 
The total volume concentrations of principal interest were 
those above twenty percent up to the maximum practical concentration. 
Sphere diameters were from twenty-six to two hundred twenty-one mi-
crons. Mono- and multimodal suspensions were prepared from size 
fractions of spheres separated with standard testing screens and the 
effect of the width of the size distributions upon the flow curves 
estimated. 
A particular goal of this research was to determine t hose 
parameters describing the suspension composition at which relative 
viscosity is minimized for a given concentration and shear rate. 
The experimental data are examined in the light of those theoretical 
equations which predict minima in relative viscosity as a function 
of sphere size distribution; Mooney's equation in particular. 
The following new scientific information is contributed by 
this research: 
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experimental data showing the effect of sphere size, 
size ratio, size distribution, and concentration 
upon the rheological properties of bimodal and 
trimodal suspensions of spheres; 
an evaluation of the crowding factors appearing in 
Mooney' s equation for relative viscosity, as applied 
to these multimodal suspensions; and 
an evaluation of the effect of using screened fractions 
of particles instead of very narrow size fractions 
to make bimodal and trimodal suspensions. 
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II 
MATERIALS, EQUIPMENT, AND METHODS 
The physical components of the suspensions studied are 
identified and described, as are the standardizing oils . The GDM 
viscometer and its auxiliary equipment are described, and the im-
portant physical constants of the cup and bob sets are listed. The 
manipulative procedures employed in the experiment are described 
and the calculations involved in reducing the experimental observa-
tions to flow curves and viscosities are outlined. 
Materials 
The rigid spheres used were SUPERBRITE @class B Glass 
Beads (Controlled Sizes) manufactured by the Minnesota Mining and 
Manufacturing Company, Reflective Products Division. The general 
properties of these beads are described in the manufacturer's Tech-
nical Data Sheets (36). The initial size separation of the glass 
beads was made by use of the usual testing sieves (5), followed by 
a simple elutriation with water in which the center fraction of the 
beads was retained for use. An additional separation by specific 
gravity was found to be necessary and was performed by sedimentation 
at two temperatures (30, 45c) in the experimental fluids, the cen-
ter fraction being retained for use, with an approximate range of 
one percent in specific gravity. 
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Size determinations were done by direct measurement of 
sphere diameters on optical photomicrographs . The size distribu-
tions of the five sizes of spheres employed are shown in Table 3 
and in Figures 3 and lL 
The apparent specific gravity of the glass beads was meas-
ured at 37 degrees C in a Le Chatelier specific gravity bottle as 
described in ASTM Cl88-44 (2), but using the calculations described 
in ASTM Cl28-67 (1), paragraph 7, with all volumes determined at 37 
degrees C. The values of apparent specific gravity so determined 
are shown by sphere diameter in Table 4. These are average values, 
of course, and do not indicate the remaining distribution of spec-
ific gravity about the measured value. 
were: 
The Newtonian liquids used to suspend the glass spheres 
1,1,2,2-tetrabromoethane, M.W. 345,7, density 
2.96 g/ml, and viscosity (25 C) 9.6 cp. 
1-bromododecane, M.W. 249.24, density 1.05 g/ml, 
and viscosity (25 c) 3,3 cp. 
These fluids were chosen for density, insolubility in water, and low 
vapor pressure. They are miscible in all proportions. The detailed 
mixture properties of these fluids have been published elsewhere 
(12). Practical grade tetrabromoethane was substituted in the lat-
ter stages of the work. 
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TABLE 4 
Apparent Specific Gravity of Spheres 
Sphere diameter, microns 26 61 125 183 221 
Measured Apparent 
Specific Gravity 2.474 2.478 2.498 2.483 2.504 
2.432 2.456 2.49'2 2.499 
2.488 
2.498 
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Cannon Instrument Company standard oils: 
s-6-57-2h 
s-60-65-la 
s-60-68-lc 
S-3-70101 
s-60-70105 
were used for standardization of the· viscometer. The properties of, 
and the experimental measurements made on, the several oils are 
tabulated in Appendix A. The pint samples were sampled without re-
placement in 30 milliliter aliquots, and the remaining oil was 
stored for later use. 
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Equipment 
The viscometer used is the Gilinson-Dauwalter-Merrill 
(GDM) rotational, concentric cylinder viscometer which uses an A.C. 
torque-to-balance· loop and an air bearing (25). The outer cylinder 
is a cylindrical cup rotated by a locally designed machine incor-
porating interchangeable cups, a five gallon reservoir as a thermo-
stat, and a variable speed, reversible drive train. The inner 
cylinder, or bob, is a short right circular cylinder with a conical 
bottom -supported from above by a rigid shaft and a coaxial air 
bearing. The air bearing is supplied with dry, filtered, pressure 
regulated air from the building's utility lines. The air is dried 
by passing it through an absorbent bed in series with a Model 15L 
Grove Loader. The air bearing was built with an integral Millipore 
air filter. Appropriate gauges and valves are installed. 
The output signal from the viscometer is a 0 to ±0.05 volt 
D.C. voltage directly proportional to the total torque exerted on 
the bob by the sheared suspension, with the polarity indicating 
direction of the torque. This signal is available in three forms: 
as a meter indication, as a filtered± .05 v. D.C. voltage, or as an 
unfiltered 0 to ± 0.05 v. D.C. voltage. The filtered 0 to ± 0.05 v. 
signal is presently used to drive a Bausch & Lomb, 10 mv, VOM 5, 
single pen, strip chart recorder. 
The general arrangement of the equipment is shown in 
Figure 5. 
AIR SIGNAL 
GEN. 
AIR 
BEARING 
TORQUE 
GEN. 
OIL 
THERMOSTAT 
44°C 
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DI SPLACEMENT-----.l 
TORQUE CURRENT-
COLD WATER 
CIRCULATING 
THERMOSTAT 
32°C 
INDICATED 
ELECTRONICS t----4-i. TORQUE 
M 
1------ R PM iP" n 
Figure 5. General arrangement of equipment (schematic). 
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In simple terms, the instrument works as follows. The 
cup is turned in either a clockwise or counter-clockwise direction 
at one of ten available speeds between 0.04 and 46. rpm by the 1300 
rpm electric motor and gear box, and between .05 and 63.9 rpm by tl'.e 
1800 rpm electric motor and gear box, the direction of rotation be-
ing electrically reversible. The cup and gear drive are arranged so 
that the cup is immersed in the oil reservoir. The sample suspen-
sion is contained in the annular radial gap and in the end gap be-
tween the rotating cup and the stationary bob and in the overhead 
gap with a free surface. The suspension in the radial gap is set 
into {laminar) circular flow, and transmits a torque from the outer 
to the inner of the opposed cylindrical surfaces. The total torque 
due to viscous shear stresses acting on the wetted surfaces of the 
bob is sensed, counterbalanced, measured, and indicated by the 
electronics of the GDM viscometer. 
The stationary bob, or inner cylinder, is supported by an 
a i r bearing whi ch f loats on a film of air. The beari ng suppor ts 
the bob vertically and fixes the position of the rotational axis of 
the bob, but the bob is very nearly unrestrained in rotation. 
Mounted coaxially on the air bearing to which the bob is connected 
by a rigid shaft are also: 
a signal generator, which detects rotational motion 
of the bearing (and bob), and 
a torque generator, which exerts the counter-
balancing torque on the bearing. 
51 
As the bob begins to rotate from its null position, due to the tor-
que rising from the viscous shear stresses on its wetted surfaces, 
the signal generator develops an A.C. output whose voltage is pro-
portional to angular displacement and whose phase shift from a 
reference voltage indicates the direction of motion. This signal is 
processed by a feedback amplifier which in turn excites the torque 
generator with an A.C. current of the correct phase and voltage to 
produce a counterbalancing torque which is proportional to the 
angular displacement from the null position. The bearing rotates 
until the net torque on the bob is zero. At most, the bearing moves 
through 0.002 degrees of arc (25). The sheared suspension supplies 
the damping. The current to the torque generator is measured by the 
output circuits and converted to a direct readout of torque in dyne 
centimeters by means of a manually switched electrical scaling cir-
cuit through which 0.05 v. D.C. can be made to indicate torques of 
1000, 100, 10, 1.0 and 0.1 dyne-cm, :f'u.11 scale, in either clockwise 
or counterclockwise direction. An additional precision transformer 
permits the :f'u.11 scale indication to represent any desired sub-
multiple of the :f'u.11 scale values given above: for example, 333.33 
dyne-cm, or 0.75 dyne-cm. 
The outstanding characteristics of the GDM viscometer are 
its sensitivity, range, and accuracy. The rotational friction of 
the air bearing is claimed to be less than 0.0001 dyne-cm, permit-
ting the machine to measure torques from 0.0001 to 1.000 dyne-cm in 
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either direction of rotation. The accuracy of torque sensing is 
claimed to be within one-tenth percent, or~ 1 digit, whichever is 
larger. 
The data actually taken from the instrument are: 
magnitude and direction of the counterbalancing 
torque exerted on the bob; 
speed and direction of cup rotation; and 
temperature of the oil reservoir. 
This information is combined with the physical dimensions of the 
cup and bob combination being used, to calculate the shear stress 
on the cylindrical surface of the bob and the shear rate in the sus-
pension at the cylindrical surface of the bob for each of several 
cup speeds. The resulting plot of shear stress versus shear rate 
is the desired flow curve for the suspension under test. 
Cup rotation rates were determined directly, by counting 
the number of cup revolutions in a given time period resulting from 
a fixed motor speed. Two motors were used during the experiment: 
the first was a D.C. shunt wound motor, equipped with a feedback 
motor speed controller which was monitored with a stroboscope, and 
the second was a synchronous hysteresis motor which turned at ex-
actly half the line voltage frequency. The cup rotation rates are 
tabulated in Appendix A. The physical dimensions and the diameter 
ratios for the cups and bobs used are shown in Figure 6. 
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Bob Nr. D L 
cm cm 
1 3.830 3.647 
2 3.830 2.5387 
2M 3.8303 2 .0396 
3* 3.8303 3.6464 
4* 3.8293 2.5382 
5 3.8298 3.6467 
6 3.8301 2.5380 
*Grooved cylindrical surfaces 
#Not used. 
Cup Diameter 
Smooth cup 
Grooved cup 
4.1300 cm 
4.1290 cm 
Cup diameter 
Bob diameter 
s 
Smooth Cup Grooved Cup* 
1.078 # 
1.078 # 
1.0782 # 
1.0782 1.0780 
# 1.0783 
. 1.0784 # 
1.0783 # 
Figure 6. Physical constants of the cups and bobs. 
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Precision grade, mercury-in-glass thermometers were used 
to measure the temperature of the thermostat. The utility thermo-
meters have a -2 to 51 C range, with one-tenth degree subdivisions, 
and were standardized with an ASTM 64 C short range, precision grade, 
mercury-in-glass thermometer (4,5) . The latter is furnished with a 
manufacturer's certificate of accuracy incorporating the necessary 
corrections to its readings. The thermometer standardizations are 
tabulated in Appendix A. The difference between cup temperature 
and oil temperature was 0 .15 C at 37 C. 
Temperature regulation of the viscometer reservoir was 
achieved with a P.M. Tamson Model TZ3 Circulating Thermostat, 0 to 
50 C range, which circulated a polyalkylene glycol (53) (UCON LB-65) 
lubricant at a regulated temperatur e, 44 C, and a fixed flow rate 
to the insulated, stirred reservoir of five gallons capacity in 
which the test section was immer sed. Cooling was provided by a 
coil immersed in the hot oil, through which chilled (2 c) water was 
circulated. The flow rate of the chilled water was regulated by 
means of a variable speed pump. The opposing r ates of heat addition 
in the flowing oil, and of heat removal in the flowing water, were 
balanced by trial and error at rates high enough to absorb the 
variation in heat loss to the laboratory air and still maintain the 
measured temperature of the reservoir within 0.05 C as measured by 
the mercury-in-glass thermometer. 
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Methods 
Experimental techniq:ue. Suspensions were prepared indi-
vidually, by weighing out samples of hot, dry spheres (to 0.01 g) 
on a Mettler top loading balance, and combining them in the vis-
cometer cup with premixed suspending fluid measured by volume (to 
O.l ml) from a 50 milliliter burette. The samples were mixed with 
a spatula and inserted into the viscometer thermostat for one half 
hour equilibration time. A sample set of suspension recipes is 
shown in Table 5. 
A constant total volume of 30 ml was used to permit evalu-
ation and correction of end effects . Based on subjective estimates, 
the likely error in weighing out glass beads should be less than 
O.l g, and the error in measuring and delivering suspending fluid 
should be less than 0.1 ml. These errors combine to produce errors 
of ~ 0.002 in the volume fraction of solids in the suspensions. 
That is, the concentration of a 20 volume percent suspension is esti-
mated to lie between 19.8 and 20.2 volume percent solids, and the 
concentration of a 50 percent suspension is estimated to lie between 
49.8 and 50.2 volume percent solids. 
The suspending fluid was prepared in 300-400 ml batches 
for each set of measurements; i.e., for each sphere size in the roono-
modal suspensions and for each combination of sizes in the bimodal 
suspensions. The fluid density was ad.justed so that an estimated 
80-90% of a sample of the spheres to be used would eventually sink in 
an undisturbed suspension thermostatted at 37 C. 
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TABLE 5 
Bi.modal Suspension Recipes for 61 Micron, 183 Micron Spheres 
Basis: 30 ml total volume of suspension 
p61 = 2.456 
P183 = 2.498 
Variable Composition, 40% Total Concentration 
Composition Liquid 61 Micron 183 Micron 
Spheres Spheres 
100/0 18 ml 12 ml 29.47 g o. ml o. g 
70/30 18 8.4 20.63 3.6 8.99 
60/40 18 7.2 17.68 4.8 ll.99 
30/70 18 3.6 8.84 8.4 20.98 
0/100 18 o. o. 12. 29.98 
Variable Total Concentration , 40/60 Compos ition 
Compositi on Liquid 61 Micron 183 Micron 
Spheres Spheres 
2CY/o 24 2 .4 ml 5 .89 g 3 .6 ml 8.99 g 
30 21 3 . 6 , 8.84 5.4 13.49 
40 18 4 .8 11.79 7.2 17.99 
50 15 6.0 14.74 9.0 22.48 
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After being measured, the components of the suspension 
were reclaimed: the fluid was filtered off and saved for re-use, 
and the spheres were washed in acetone, air-dried, sieved, and 
saved for re-use. 
Viscometer cups containing either mixed suspensions or 
pure fluids were allowed to equilibrate for one half hour with the 
bob inserted, and the cup turning. The suspensions were all re-
mixed before each measurement was taken. That is, the suspensions 
were subjected to the following sequence: 
initial mixing, following combination of components; 
equilibration; 
remixing; 
observation of torque, 1000/1 gear box setting, 
clock-wise rotation; 
remixing; 
observation of torque, 100/1 gear box setting, 
clockwise rotation; 
and so on 
The range of cup speeds was covered in three overlapping 
stages, usually in the following order of gear box settings: 
1000/1; 
100/1; 
10/1; 
1/1; 
500/l; 
50/l; 
5/l; 
200/l; 
20/l; 
2/l. 
This decade by decade order simplified the coordination of visco-
meter range switching with the gear box settings, and in addition, 
prevented the confounding of the effects of unwanted secular changes 
in the experimental conditions with the measured :flow properties of 
the fluid under observation. For example, steady changes in the 
suspension temperature due to viscous heating or thermostat dri:f't, 
or steady changes in suspension concentration caused by fluid loss 
due to rapid evaporation (acetone contamination of fluid) or a 
leaky cup, or rapid settling or floating of the spheres due to a 
bad density match, would produce a saw-tooth flow curve rather than 
a smooth flow curve with a gradual but peculiar curvature. 
Torques were observed in both clockwise and counterclock-
wise directions of cup rotations, and the torque values averaged to 
yield a single value of torque at each cup speed which had been 
corrected for any shift in the null reading of the viscometer. 
The interpretation of the strip chart record produced by 
the viscometer, which constitutes the primary data output from the 
instrument, is illustrated in Figure 7. 
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Figure 7. Interpretation of chart record. 
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As the reported torque value at each gear box setting was 
calculated from the strip chart record, it was entered in the re-
search notebook, and also plotted on a log-log chart of Torque, 
dyne -cm, versus cup speed, Angular Rate, radians/second, and evalu-
ated. Measurements whose points did not seem to fall on the curve 
through the rest of the points (the tentative flow curve) were re-
peated until either a definite, regular sequence of points was ob-
tained, or until the whole set was abandoned and the sample suspen-
sion scrapped. Multiple observations of torque values were reported 
as their average; when a single inconsistent observation was follow-
ed by subsequent observations clustered about the tentative flow 
curve, the inconsistent observation was deleted from the average. 
The resulting set of (average) torque values at fixed cup speeds was 
termed "raw data" and is tabulated, with identifying compositions 
and concentrations, in Appendix A. 
Reduction of the raw data to flow curves and viscosities. 
The typical set of raw data consists of ten pairs of torque values 
in dyne-cm associated with a cup speed expressed in radians/second, 
in the form ($1 ,M). 
0 
For suspen ions of high concentration, the 
sets of raw data a re truncated, those pairs of (0 ,M) for which the 
0 
torque value would have been greater than 1000 dyne -cm being miss-
ing. The independent variable , 0
0
, the rate of rotation of the 
outer cylindrical surface, must be reduced to the corresponding rate 
of shear (y) in the fluid at the surface of the inner cylindrical 
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surface. The total couple exerted by the fluid on the entire wetted 
surface of the bob -must be reduced t o the corresponding shear stress 
(;re rendered simply, T) exerted by the fluid upon the inner cylin-
drical surface. 
The observed torque value, M, is reduced to shear stress 
T, by the expression: 
FM 
'T 
in which R is the radius of the inner cylindrical surface, cm; 
F is a calibration factor, dimensionless; and 
L* is a fictitious bob length, cm. 
The use of L* in place of the actual physical length of the cylin-
drical surface of the bob is a convenient, empirical device by which 
to account for the additional torque contributed to the observed 
torque value, M, by the top and bottom edges, the flat top surface, 
the conical bottom surface, and by the wetted length of the small 
diameter shaft of the bob. A derivation of L* from the results of 
measurements t aken with two bobs identical in all respects save 
length is given in the discussion of the results of t he measure-
ments made upon t he standard oils . The results in terms of the 
length of the longer of the t wo bobs is 
[ 
C-K - l 
L* = L 1 + C(K-1) J 
in which L is the physical length of the cylindrical surface of the 
bob, cm; 
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C is the ratio of the length of the long bob to the 
short bob; dimensionless; 
K is the constant ratio of torque values observed with 
the long bob to those observed with the short bob 
for the same fluid and cup speed. 
Krieger's method (29) for calculating shear rate in the 
concentric cylinder viscometer was employed, in which the shear rate 
at the inner cylinder is given by 
2N 0 
y = o [l + N' 
1 - S-2N N2 
f(t) J 
with s = ratio of outer cylinder diameter to inner cylinder 
diameter, 
dO 
N = o 
d log T 
t = .2N ln (s) 
= -
d(l/N) 
d log ; 
f(t) = t [et(t-2) + t + 2] 
2(et-l)2 
= 
t 
12 
t t 2 (l - 2 + 15 + .... ) 
In the description of the equipment, s, the ratio of cylindrical 
diameters was given as approximately 1.08. Section III will show 
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that N is very nearly constant at a value of 1 and that N1 is very 
nearly zero. Substitution of these values results in: 
t = 0.15 . 
:t'(t) = 0.002 
y = i.4 n 0 
The true flow curve of the fluid or suspension under ob-
servation is constructed from the calculated (y, r) pairs. The 
differential viscosity of the fluid sample is then represented by 
the slope of the flow curve. 
The several differentiations required in these calcula-
tions, such as that by which differential viscosity is determined 
from the shear stress, shear rate curve, were performed by fitting 
the numerical data with a low degree polynomial vrith a least squared 
error computer subroutine, analytically differentiating that poly-
nomial, and then numerically evaluating the derivative polynomial at 
the appropriate values of the independent variable . For example, 
the differential viscos ity of a Newtonian fluid would be determined 
by fitting the shear stress-shear rate data with a first degree 
polynomial 
r = Al + A2 (y) 
from which 
µ = dr = A2 
dy 
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The data for a strongly non-Newtonian fluid would be fitted with a 
third degree polynomial 
so that the differential viscosity 
d7" (.) (. )2 µ. = dy = A2 + ~ y + 3A4 y 
could show a smooth, non-linear variation with shear rate if appro-
priate. 
The methods used to obtain relative viscosities from the 
differential viscosities, and the methods used to determine values 
for the Mooney interaction parameters from the relative viscosities, 
are explained in contect with the experimental results in Part III 
--Results and Discussion of Results. 
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III 
RESULTS .AND DISCUSSION OF RESULTS 
The results of experimental measurements upon standard 
oils are tabulated in terms of viscosities and power law indices, 
and the end effects correction and calibration factor for the GDM 
viscometer system are detenn.ined. The results of experimental meas-
urements upon mon_omodal and bimodal suspensions of spheres ranging 
from 26 to 221 microns in diameter are tabulated in tenns of rela-
tive viscosities and power law indices, and 1:1-re di scussed in terms 
of the principal theoretical and empirical results appearing in the 
literature. The results of experimental measurements upon a system 
of trimodal suspensions are tabulated in terms of relative viscosi-
ties and power law indices, and t he location of the three-component 
minimum-viscosity composition is discussed. 
Standard Oils 
The standard oils used to calibrate the GDM viscometer 
system for these measurements were Cannon I nstrument Company oils in 
the S-3, s-6, s-60 series, with the bulk of the observations being 
performed on the S-60 oils. The oil viscosity was interpolated at 
O.l C intervals by means of a second degree polynomial fitted to the 
certified viscosity-temperature properties as represented on a log 
(viscosity) versus reciprocal absolute temperature plot. The raw 
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data, consisting of torques observed at specified cup speeds, a.re 
tabulated in Appendix A: these observed t orques must be corrected 
for end effects and for machine calibration. 
End effects in the concentric cylinder viscometer. The 
torque experienced by the stationary inner cylinder, or bob, in a 
concentric cylinder viscometer in which the outer cylinder, or cup, 
is rotated, is the sum of the action of the sheared fluid upon the 
remaining wetted surfaces of the bob. These extraneous torques 
arising from all sources other than the large diameter cylindrical 
surface of the bob are commonly lumped together and tenned "end 
effects". For a bob with a cylindrical surface of diameter, D, and 
length, L, the observed torque, M, at a specified rate of shear in 
the experimental fluid may be represented by 
D2 
M = (rr ~ L) T + E 
where T is the shear stress exerted upon the cylindrical surface by 
the sheared fluid, and E is the end effects tenn. 
For convenience in the analysis of experimental data, we 
seek a correction to the bob l ength, .UL, such that 
D2 
M = (rr ~ L) T + E = D2 TT 2 (L + /j. L) T 
If the same fluid is observed in a viscometer with two 
inner cylinders identical in all respects save the length of the 
cylindrical surface, especially in regard to diameter, bottom clear-
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ance, immersion depth, and end geometry, then we might suppose the 
end effects to be equal for corresponding measurements. 
Denoting the longer of the t wo bobs by a subscript l, and 
the shorter with a subscript 2, then for corresponding conditions 
!\ = 
M2 = 
D2 
(TT 2 Ll) 'T + E 
D2 
(TT 2 L2) 'T + E 
L ·+AL l 
----= K 
- L2 + AL 
1T D2 (L1 + A L) -r , = 2 
1T D2 (L2 + A L) -r , = 2 
K should be, at most, a function of the shear rate. For the experi -
mental data reported here, K is a constant, independent of shea r 
rate. We may solve for AL in terms of the torque ratio and the 
ratio of bob lengths, L1/L2 
.6.L= 
so that AL ( C - K ) = L2 K - l = Ll [ C - K J C (K-1) • 
In the reduction of observed torques to shear rates, the 
measured bob lengths should be replaced by a fictitious bob length, 
L* : 
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L* = L +AL 
or L* l [ C - K J = Ll l + C(K-1) 
i~K = L2 [l + c - K J K - l 
in order to correct for end effects. 
For bobs 5 and 6 in the smooth walled cup, including the 
small correction for the smaller diameter of bob 6, the raw data 
yield 
which leads to 
AL = 0.305 cm. 
For bobs 3 and 4 in the grooved wall cup, the raw data yield 
which leads to 
AL = 0.378 cm. 
For bobs 3 and 4 in the smooth walled cup 
which leads to 
AL = 0.303 cm. 
The fictitious bob lengths, L*, found in this manner are 
shown in Table 6. 
Bob Nr. 
3 
4 
5 
6 
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TABLE 6 
Fictitious Bob Lengths 
Smooth 
3. 950 cm. 
2.841 
3.952 
2.843 
CUp 
Grooved 
4.024 cm . 
2. 916 
not used 
not used 
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Calibration factor. The machine calibration factor was 
determined by forming the ratio of the standard viscosity of the oil 
and the experimental viscosity of the oil as calculated from the 
· experimental measurements. This factor is applied to the observed 
torque as a correction to the calibration of the torque scaling 
circuits of the GDM viscometer. The results of 47 measurements of 
standard oils is tabulated in Table 7. The calibration factor is 
determined to be 1.17 with 95% confidence limits of ~ 0.009. 
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TABLE 7 
Experimental Results for Standard Oils 
Bob Temper- Calcul ated Power Law Actual Cali-
ature, Viscosity, Index Viscosity, bration 
f' C poise poise Factor 
s - 3 - 70101 
58 37.o .0217 1.00 .0250 1.152 
3G 37.o .0208 .998 .0250 1.202 
s - 6 - 57 - 2h 
3G 37 .0 .0464 . %7 . 0538 l.159 
3G 37 .0 .0447 . 977 .0538 l. 204 
4G 37.0 .0458 1.00 .0538 1.175 
3G 37.0 .0444 .0538 1.212 
5S 37.0 .0458 .993 .0538 1.175 
S - 60 - 65 - la 
4G 37.2 .499 . 995 .574 1.150 
3G 37.2 .506 .998 .574 1.134 
3S 37 .0 .485 .997 .580 1.1% 
S - 60 - 68 - le 
3G 37.1 .502 -9% .601 1 .197 
4G 37 .2 . 504 1.00 .598 1 .187 
5S 37.1 .529 . 997 .601 l .136 
68 37.1 .526 .997 .601 1..143 
5s 36 .l . 557 . 998 .633 1 .136 
6S 36.1 . 550 .9% .633 1.151 
5s 35 .1 . 563 . 998 .668 1.187 
6s 35.1 .573 .997 .668 1.166 
5s 34.1 .610 .999 .705 1 .156 
6s 34.1 .595 . 997 .705 1.185 
5s 33.1 .628 .9% .744 1.185 
6s 33.1 .637 . 997 .744 1.168 
5s 37 . 9 .507 .995 .577 1.138 
6S 37.9 .498 . 995 .577 1.159 
5s 39.1 .474 . 997 . 543 1.146 
6S 39.1 .464 . 994 .543 1.170 
(cont.) 
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TABLE 7 -- Continued 
Experimental Results for Standard Oils 
Bob Temper- Calculated Power Law Actual Cali -
ature, Viscosity, Index Viscosity, bration 
oc poise poise Factor 
5S 37.9 .508 .999 . 577 1.136 
6s 37.9 .498 .999 . • 577 l.159 
3G 37.9 .484 .999 .577 l.19'2 
4G 37.9 .494 1.00 .577 1.168 
3G 37.7 .480 .998 .583 1.215 
3G 37.1 .491 .998 .601 l.224 
4G 37.1 .525 . 999 .601 1.145 
6s 37.6 .509 .997 · .586 1.151 
5s 37 .6 .496 .999 . 586 .181 
5s 37.0 .515 1.00 .604 l.173 
3G 37.0 .498 l.00 .604 1.213 
5s . 37 .o .500 1.00 .604 1.208 
s - 60 - 70105 
5S 37.0 .446 .999 .532 1.193 
3G 37.0 .439 .999 .532 1.212 
3S 37.0 .436 l.00 .532 1.220 
3S 37.0 .461 .999 .532 1.154 
4s 37.0 .456 .998 .532 l.167 
3S 37.0 .461 l.00 .532 l.154 
4s 37.0 .456 .998 .532 l.167 
3S 37.0 .480 .999 . 532 1.108 
4s 37.0 .487 .999 .532 1.09'2 
Average J...170 
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Monomodal Suspensions 
The results of the experimental measurements of the 
properties of monomodal suspension provide a qualification of the 
experimental apparatus and technique and a background against which 
subsequent results for multimodal suspensions may be highlighted 
and interpreted. 
The results of the monomodal measurements should bear 
directly on the first of the three salient points at i ssue in the 
literature: under what conditions are concentrated suspensions 
Newtonian or non-Newtonian. The results should also add infonna-
tion of value to the literature of concentrated monomodal suspen-
sions especially since these measurements were designed with the 
Thomas conditions in mind. 
Definition of relative viscosity. The relative viscosity 
of a suspension is universally defined as 
_ µ suspension 
µr - µ suspending fluid 
This simple definition is unambiguous only for the differential 
viscosities of a Newtonian suspension and a Newtonian suspending 
fluid. Non-Newtonian flow in either suspension or suspending fluid 
would require further specification in terms of additional rheologi-
cal parameters. Whenever used in the discussion of the results of 
this research, the term 'relative viscosity' refers only to Newton-
ian flow. The limits of validity of this term is one of the back-
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ground questions to which the monomodal results are applied. 
Results. The collected results of all measurements taken 
on monomodal suspensions, including those taken as a part of the 
bimodal investigation, are tabulated in Table 8. These results 
state the power law model flow index and the relative viscosity of 
monomodal suspensions of spheres of specified median diameter, of 
specified volume percent concentration in a Newtonian fluid whose 
specific gravity closely matches that of the spheres. 
These results are used to assess the reproductibility of 
the experimental method, to assess the magnitude of wall effects, 
to qualify the experimental method by comparison with the results 
of previous experimental work, and to provide an answer t o the ques-
tion of under what conditions are monomodal suspensions Newtonian. 
The limits of Newtonian flow. The values of average power 
law index are plotted in Figure 8 as a function of concentration 
for all the measurements shown in Table 8 (except the last three 
values in the 26-micron group which will be discussed under Electro-
viscous Effects). The average values of power law index as a func-
tion of concentration are tabulated in Table 9 where the 95% con -
fidence limits on the averages are shown also. 
On the basis of the experimental results reported here, 
there is less than 1/2% probability that monomodal suspensions of 
spheres will have Newtonian flow curves at concentration of 50 vol-
ume percent solids or higher. On the other hand, a power law index 
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TABLE 8 
Experimental Results for Monomodal Suspensions 
Bob, Cup Total Power Relative 
Concentrati on Law Vi scosity 
Volume °/o Index 
26 micron spheres 
3G 20. 1.00 L98 
3G 30. 1.01 3.36 
3G 40. 1.01 7.88 
3G 47 .5 1.03 20.4 
3G 50 . 1.16 (37 .3) 
4G 20. .994 2.16 
4G 30. .987 3.71 
4G 40.13 1.02 9.07 
4G 47.5 1.02 29.5 
4G 50. 1.09 (46 . 5) 
5s 20. .995 1.96 
5S 30. .995 3.25 
5S 4o. . 995 8 . 03 
5s 47 .5 1.07 (22 . 9) 
5S 50. 1.12 (36.3) 
6s 20 . 1.00 1.87 
6S 30 . • 997 3.11 
6s 40. 1.01 7. 06 
6S 47.5 1.07 (19 .6) 
6S 50. 1.08 (32. 9) 
3S 40. .391 ( 9.06) 
5S 40. .951 ( 9.95) 
3S 40. .823 ( 9. 06) 
61 micron spheres 
3G 20. • 997 1.95 
3G 35. . 994 5.59 
3G 42.5 1.04 (13. 9) 
3G 50. 1.11 (56. ) 
4G 20. 1.00 1.98 
4G 35. 1.02 5.19 
4G 42.5 1.06 (12.3) 
4G 50. 1.28 (72 .2) 
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TABLE 8 -- Continued 
Experimental Results ~or Monomodal Suspensions 
Bob, Cup Total Power Relative 
Concentration Law Viscosity 
Volume% Index 
6l micron spheres continued 
5S 20. 1.00 2.01 
5S 35. l.Ol 4e-92 
5s 42.5 1.03 ll.3 
5S 50. 1.13 (37 . 3) 
6G 20. 1.00 1.92 
6G 35. ., 998 4.84 
6G 42.5 l.03 10.9 
6G 50. 1.10 (38.1) 
3S 40. .994 7.51 
3S 40. 1.02 9.56 
3S 40. l.02 6.99 
125 micron spheres 
3G 20. 1.01 2.01 
3G 30. 1.01 3.62 
3G 40. 1.04 ( 8.44) 
3G 45. l.02 15.6 
3G 45. 1.05 (22 .o) 
3G 52.36 l . 30 (l7l.O) 
4G 20. 1.00 2.08 
4G 30. l. 01 3.58 
4G 40. l.06 (lO.l) 
4G 45. l.04 (15.9) 
4G 52.36 l.33 (138.0) 
4G 20. .998 l.94 
4G 20. . 986 l.93 
4G 30. • 9<J7 3.28 
4G 30. .980 3.21 
4G 40. 1.00 7.96 
4G 40. 1.0l 8.oo 
4G 52.36 l.l2 (82.4) 
5S 20. l.01 l.<Jl 
5S 30. 1.02 3.51 
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TABLE 8 -- Continued 
Experimental Results of Monomodal Suspensions 
Bob, Cup _ 
5S 
5S 
5S 
6s 
6s 
6s 
6s 
6S 
3S 
3S 
3s . 
3S 
5S 
5s 
5S 
5s 
5s 
5s 
5S 
5S 
5s 
5S 
5S 
5S 
5S 
5S 
5S 
5S 
5S 
5s 
5S 
5S 
5S 
Total 
Concentration 
Volume °/o 
Power 
Law 
Index 
Relative 
Viscosity 
125 micron spheres continued 
40. 
45. 
52.36 
20. 
30. 
40. 
45. 
52.36 
40. 
40. 
30. 
40. 
15. 
20. 
30. 
40. 
50. 
55. 
5. 
10. 
25. 
35. 
40. 
45. 
30. 
30. 
30. 
30. 
30. 
30. 
30. 
30. 
30. 
1.06 
l.09 
l.27 
l.01 
1.02 
1.05 
l.09 
l.24 
1.00 
.995 
l.00 
.982 
183 micron spheres 
. 977 
.996 
.993 
l.Ol 
.94 
1.09 
. 985 
.995 
1.00 
1.01 
l.02 
.954 
l.01 
.991 
.968 
.967 
.975 
.964 
.968 
.989 
.939 
( U~U9F 
E19~UF 
(78.1) 
l.98 
3.35 
( 8.15) 
(15.6) 
(59.2) 
7.31 
7 .92 
3.17 
7.23 
l.37 
1.67 
2.93 
6. 05 
(17. ) 
(44.7) 
1.05 
l.18 
2.17 
4.08 
6.15 
( 9.34) 
2.74 
2.71 
2.57 
3.03 
2.86 
( 2.79) 
2.70 
2.85 
( 2. 56) 
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TABLE 8 -- Continued 
Experimental Results of Monomodal Suspensions 
Bob, Cup Total Power Relative 
Concentration Law Viscosity 
Volume cfc Index 
183 micron spheres continued 
4G 35,• .966 3.68 
4G 35. . 978 P ~ 9'2 
4G 45. • 9'25 ( 7.69) 
3G 35. l.03 
3G 45. 1.03 
3G 5. .995 Ll3 
3G 10. .994 1.27 
3G 15. .996 l.51 
3G 20. .997 l.85 
3G 25. .997 2.39 
3G 30. 1.00 3.03 
3G 35. 1.02 5.07 
3G· 40. .995 7.98 
3G 45. 1.00 12.3 
3G 50. 1.05 (37 .8) 
4G 5. 1.01 1.05 
4G 10. 
. 993 1.27 
4G 15. 1.00 1.51 
4G 20. . 998 1.85 
4G 25. l. 01 2.41 
4G 30. l oOl 3.36 
4G 35 . 1.00 5.17 
4G 40. l.00 7.16 
4G 45. 1.02 ll.6 
4G 50. 1.10 (32.2) 
5S 10. .998 l.29 
5S 20. .994 l.94 
5S 30. .993 3.38 
5S 40. 1.02 U~OS 
5S 50. 1.10 (29.3) 
6s 10. l.00 l.29 
6S 20. 1.00 1.89 
6s 30. . • 999 3.35 
6s 40. 1.03 8.65 
6s 50. 1.12 (30.6) 
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TABLE 8 -- Continued 
Experimental Results of Monomodal Suspensions 
Bob, Cup 
5S 
3S 
3S 
3G 
3G 
3G 
3G 
4G 
4G 
4G 
4G 
5s 
5S 
5S 
5S 
6s 
6S 
6s 
6s 
3S 
3S 
3S 
Total 
Concentration 
Volume % 
Power 
Law 
Index 
Relative 
Viscosity 
183 micron spheres continued 
40. 1.01 7.00 
40. .995 6.94 
30. . 999 3.14' 
221 micron spheres 
20. .981 1.89 
40. 1.00 9.74 
45. 1.04 (19.9) 
50. 1.11 (52 .8) 
20. l.01 1.94 
40. 1.01 8.42 
45. l.03 16 .0 
50. l.09 (45 .1) 
20. 1.01 2.02 
40. l.02 8.51 
45. l.01 13 .8 
50 . 1.10 (32. 7) 
20 . 1.01 . 90 
40. 1.02 1.% 
45. 1.02 13.9 
50. 1.10 (31. 9) 
40. . 979 6.86 
40. 1.00 7.75 
40. .99 7.35 
( ••. )denotes results for non-Newtonian suspensions. 
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Figure 8. Power law index as a function of concentration 
in monomodal suspensions. 
81 
TABLE 9 
Average Power Law Index as a Function of Concentrati on 
in Monomodal Suspensions 
Concentration Average Power Number of 953 
Law Index Suspensions Confidence 
.Limits 
0 .999 27 .996, l.00 
5 . 9gr 3 
lO .9gr 5 
15 .991 3 
20 l.00 23 .996, l.00 
25 l.00 3 .985' 1.02 
30 .991 24 .982 , . • 999 
35 l.00 lO . 988, 1.02 
40 l.02 20 l.00, l.03 
42.5 l.04 4 1.02 , l.06 
45 l.03 14 l.00, l.05 
47 .5 l.05 4 l.01, l.09 
50 l.10 17 l.07, l.14 
52.36 l.25 5 l.l5, l.35 
55 1.09 l 
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of unity is included w~thin the 953 confidence limits on the mean 
experimental power law index at concentrations of 45 volume percent 
and lower. This experimental result supplies quantitative corrob-
oration of the theoretical predictions by Chong (lO) and by Allen 
and Kline (6) of the limiting concentrations to which hydrodynamic 
and continuum models of suspensions are valid. There was no experi-
mental indication of a yield stress for any of these suspensions 
(except the last three entries in the 26-micron group ). The raw 
data plots are linear on log-log coordinates to a very high approxi-
mation . 
On the basis of this variation of' power law flow index 
with concentration, suspensions whose power law flow indices lie 
within the range 0.97-1.03 will be considered Newtonian fluids for 
the purpose of calculating viscosity and relative viscosity. Sus-
pensions whose power law indices lie outside that range will be 
considered non-Newtonian fluids . 
Reproducibility. As a test of the reproducibility of the 
experimental technique, a nine - fold replicate observation of the 
viscosity of 30 volume percent suspensions of 183 micron spheres 
was carried out. Nine separate suspensions were individually pre -
pared from the same recipe, suspending fluid, and spheres and meas-
ured in the 58 cup and bob set; two results were eliminated be-
cause their power law flow indices were less than 0.965. The sus-
pending fluid and spheres were sampled without replacement. The 
coefficient of variation f or the power l aw index was 2.1%, and the 
coefficient of variation of the relative viscosity was 5.33. 
Two other 30 volume percent suspensions of 183 micron 
spheres were prepared and measured in the 5S set at other times for 
a total of 11 measurements at this size and concentration. Of these 
11 measurements, two resulted in power law i ndices outside t he range 
0.97-1.03 and were deleted. For these nine collected measurements, 
the average relative viscosity was 2.86 with a coefficient of vari-
ation of 8.33 and 95% confidence limits of 2.68, 3.04. 
Wall effects . The existence of a wall effect was inves-
tigated by comparing relative viscosities from smooth walled aK~d 
rough walled cups and bobs in two ways. First, the ratios of rela-
tive viscosities in rough wall ed cups and bobs to relative viscosi-
ties in smooth wall ed cups and bobs were formed, and compared to 
unity by means of the 't' test for significance of the difference 
between means. The test was applied t o the data arranged in the 
following classifications: all data as a group, individual sphere 
diameters, and by bob length. None of the differences were statis-
tically different from zero, indicating that if there is a wall 
effect, it is not large enough to reliably distinguish f rom the 
experimental variation in these data. It is important to recognize 
that this conclusion does not eliminate the possibility of a wall 
effect. Second, the relative viscosity was plotted versus sphere 
diau1eter for each of the two wall conditions and the "zero diameter" 
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relative viscosity determined by extrapolation, with the results 
shown in Table 10. The differences between the two wall conditions 
are systematic and, for 30 volume percent, slightly larger than the 
single-sided width of the 95% confidence limit on the mean. These 
extrapolated differences are large enough to possibly be of real 
significance, in contrast to the results of the direct examination 
of the experimental data. The existence of a wall effect is un-
certain but the indicated magnitude seems to be ten percent or less 
of the smooth wall viscosity. In the absence of a reliable demon-
stration of a wall effect, the di s tinction between rough walled and 
smooth walled results will be dropped in the remainder of the dis-
cussion of the results. 
Electroviscous eff ects. Electroviscous effects were 
apparent in a few of the 26 and 61 micron sphere suspensions. The 
last t hree entri es under 26 microns i n Table 8 a re t he major cas es. 
There were several obvious symptoms. The first was the 
unusual gel-like nature of the test suspensions used to check the 
suspending fluid specific gravity. In t he usual check, a test sus-
pension thermostatted at 37 C would separate noticeably in an af ter-
noon , ·with some of the spheres sinki ng and some f loating with no 
noticeable agglomeration. The 26 and 61 micron bimodal test sus-
pension di dn 't settle at al l , c: nd was visibly flocculated. The 
second symptom was the complete disruption of the anticipated sched-
ule of t orque range switching during the experiment due to the ab-
TABLE 10 
Extrapolated Zero Diameter Relative Viscosities 
As a Function of Wall Condition 
Concentration Relative Viscosity Difference 
Volume Percent Percent 
Smooth Grooved 
Wall Wall 
20 l.95 2.07 6.2 
30 3.37 3.62 7.4 
35 5.28 5.85 10.8 
40 7.39 8.17 l0.5 
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nonnally large torques observed at slow cup speeds. The third de-
veloped concurrently with the second in the form of a glaringly 
unusual raw data flow curve. The raw data flow curves for the 
troublesome suspensions were strongly curved, concave upward on log-
log coordinates, tending toward a constant torque at low cup speed 
(a yield stress) and tending very gradually toward a Newtonian line 
at high cup speeds. The curvature of the raw data flow curves was 
much more pronounced for the 26 micron spheres than for the 61' mi-
cron spheres. 
The circumstance under which these effects appeared was 
a change in the nature of the suspending fluid mixture. The sus-
pending fluid mixture used for all the monomodal suspensions pre-
ceding those measured in the bimodal investigation had also been 
used in the specific gravity separations and had been in contact 
with the glass spheres and the tramp metal accompanying the spheres 
for many hours. This old fluid had been discolored to a rosy golden 
color with various contaminants i ncluding , presumably , metal i ons 
and free bromine. This old fluid was all inadvertently contaminated 
beyond reclamation with acetone by an unwise change in the clean-
up procedure, so a fresh batch of fluid was prepared from virgin 
material. The new suspending fluid mixture was very clean, and 
nearly colorless, but suspensions of 26 and 61 micron spheres pre-
pared from it were very non-Newtonian. 
The non-Newtonian character of the suspensions of 61 mi-
cron spheres was easily suppressed by the addition of a relatively 
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small fraction of old fluid to the new, but the non-Newtonian char-
acteristics of suspensions of the 26 micron spheres in the new fluid 
mixture could not be suppressed in this way. Hence, the very low 
power law flow indices in the last three entries under 26 microns 
in Table 8. 
Summary curves. Following the recommendations "by Thomas 
(51), the relative viscosity as a function of sphere diameter at 
each concentration was extrapolated to zero sphere diameter in order 
to .remove diameter dependence. Shear rate dependence was eliminated 
by excluding the relative viscosities of suspensions whose calcul-
ated power law index lay outside the range 0.97-l.03. The extra-
polation was accomplished by fitting a least squared error poly-
nomial of degree one to the relative viscosity, as a function of 
sphere diameter. The intercept of each polynomial was taken as the 
zero diameter relative viscosity at that concentration. Strictly 
speaking, four such values could be obtained, as shown in Table 11. 
These points are shown in Figure 9, representing the relative vis-
cosity of monomodal suspensions between 20 and 40 percent by volume 
solids, ·with the sphere diameter and shear rate dependence removed. 
The point at 35 volume percent tends to stray due to the smaller 
data set used in the extrapolation. 
1 The relative fluidity function, , is shown in Figure 
µr 
Figure 11 shows the plot )-1 of (ln u 
· r 
-1 
as a function of (cp ) , and 
10. 
Figure 12 shows the plot of cp/ (ln /.L ) 
r 
versus cp; the monomodal Mooney 
equation is a straight line on both these latter two figures. 
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TABLE ll 
Extrapolated Zero Diameter, Relative Viscosity of 
Newtonian Monomodal Suspensions 
Concentration 
Volume °/o 
20 
30 
35 
40 
20 
25 
30 
35 
40 
45 
Relative 
Viscosity 
2.00 
Number of 
Sphere 
Sizes 
5 
3 
2 
5 
Smoothed Experimental Results 
1. gr 
2.54 
3.44 
5.04 
8.18 
15.5 
Number Of 
Measure-
men ts 
22 
15 
8 
26 
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Figure 9. Extrapolated, zero diameter, relative viscosity of Newtonian 
monomodal suspensions as a function of concentration. 
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'r8 
If the Newtonian results for each size of sphere are 
smoothed and interpolated with the monomodal Mooney equation, it is 
possible to use all the Newtonian experimental results to extrapo-
late to the zero diameter relative viscosity at closely spaced in-
tervals in concentration. The ~/ln µ versus ~ plot was used for 
r 
smoothing and interpolating and the results are t abulated in Table 
ll and sh0t..m as the solid lines in Figures 9, 10, l.l) and 12 . 
The theoretical maximum concentration is determined to be 
0.764 and the self-crowding factor is found to be 1 . 308. This 
smoothed curve incorporating all the Newtonian results will be com-
pared to the literature results. 
Comparison of experimental results with the literature. 
The smoothed curve of experimental results is compared t o the pub-
lished experimental data and to the recent theoretical results, and 
some of the standard theoretical forms . qhe~ parameter is esti-
m 
mated and discussed and some empirical coefficients are stated for 
the most appropriate theoretical equations. 
The comparison of the present results to the reviews of 
the previous experimental .literature by Rutgers (43) and Thomas (51) 
is shown in Figure 13, where the present results are seen to lie 
between the previous recommended curves. This location is inter-
preted as an indication of favorable agreement with the results of 
the earlier work. Figure 14 displays the excellent agreement of 
the present results with those of Lewis and Nielsen, whose results 
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Figure 14. Comparison of smoothed experimental results 
wit h those of Lewis and Nielsen. 
also showed non-kewtoniaKK~ flow at concentrations above 45 volume 
percent. Figure 15 shows the good agreement of the present results 
with those of Seshadri and Sutera (47) in terms of the relative 
fluidity function, l/µr. Bagnold's (7) results were not published 
in a form convenient for direct comparison but the present results 
are in general agreement in the matters of the limits of Newtonian 
flow and wall effects. The results of Clarke (11), Gay et al. (24), 
and Chong (10) are, in general, not comparable in a rheological 
sense, mainly due to disqualifying discrepancies in instruments, 
experimental conditions, or rheological interpretation of experi -
mental data. 
The good agreement with the reviewers' recommended curves, 
and with comparable published experimental results is interpreted 
as qualifying the experimental equipment and method for the experi-
mental study of the rheol ogy of suspens ions of rigid, neutrally 
buoyaKKK~t spheres in Newtonian liquids. 
The principal theoretical result to which the present ex-
perimental r esul ts are compared is the monomodai f orm of Mooney's 
equat i on. The two constants i n Mooney's (37) equation for the rela-
tive viscosity of monomodal suspensions were evaluated from the four 
points of the unsmooth d experi~ental results following the method 
of Sweeny and Geckler (50), i n which Mooney's equation 
ln µ 
r 
Figure 15. Comparison of smoothed experimental results 
with those of Seshadri and Sutera. 
i s rearranged to 
1 
ln u 
· r 
= a 
'-11 in which - --a-- is the intercept, and~ is the slope of a straight 
line through the E~ · -; ln 1 ) points. 
"!" µr 
nomial of degree one was fitted to the 
A least squared error poly-
(! ' 1 ) 'cp ln µ. data, with the 
r 
result: 
= -o.493794 + 0.387856 ~F 1 ln µ. 
r 
Mooney's equat ion is t hen f ound to be: 
(. 2. 58 9? ~ir = exp 1 .273 <p ) 
The theoretica l maximum concentration , ~mD i s represented by the zero 
of t he fitted polynomi al from which 
q:> = 0.785 . 
m 
These values for slope and i ntercept of the r earr anged monomodal 
Mooney equation compare very favor abl y with t he values tabulated by 
Sweeny and Geckler (50) for their own and previous work . The pre -
sent results enjoy additional advcntages by vi rtue of having depend-
ence upon sphere size and shear r ate removed. A related procedure 
was applied to get smoothed experiment al resul ts , in which a least 
squared error straight line was fitted to all the extrapolated experi-
mental results on E~I ln9 ) coordinat e s with t he l i ne constra ined 
µr 
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to pass through (0,.4), in order to determine the hydrodynamic, or 
self crowding, factor, All' for subsequent use with the bimodal re-
sults. This procedure resulted in the following form of the mono-
modal Mooney equation: 
( 2.5cp ) µr = exp 1 - l.308 ~ 
The corresponding value of~ is 0.764. 
m 
The comparison of the present smoothed experimental re-
sults to the recent theoretical contributions is shown in Figure 16. 
The modified Vand equation proposed by Lee (30) does not fit these 
experimental results very well but the modified Roscoe Brinkman 
equation proposed by Lee (30) is close in magnitude and very good in 
terms of shape, suggesting that perhaps the constants are off a 
little. The modified Einstein equation proposed by Chong (10) does 
not match the shape of the smoothed experimental curve very well 
but the modified Eiler's equation, E~ = 0.605) put forward by Chong 
m 
(10) matches the shape very well, again suggesting a modification of 
some of the constants. The Bagnold equation is essentially equiva-
lent to Chong's modified Eiler's equation so the poor showing of the 
Bagnold equation can be attributed to the choice of~ = 0.74, sug-
m 
gesting that both the Chong and Bagnold equations could be fitted 
to the present smoothed experimental results with a better choice 
of~ • The equation proposed by Frankel and Acrivos (21), with 
m 
~m = 0.764, is closer to the present smoothed experimental results 
a.t low concentrations than at high concentration, contrary to the 
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Figure l6. Comparison of smoothed experimental results 
· to recent theoretical contributions. 
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restrictions of the equation's development, suggesting that a dif-
f erent choice of cp is required. The equation proposed by Moulik 
m 
(38) was tested by plotting (µ )2 versus cp2 to reveal a highly non-
r 
linear relationship, · which eliminates his equation from further 
consideration for suspensions of spheres, although it may still be 
use:t'ul for solutions . 
Figure 17 shows a comparison of the present smoothed ex-
perimental results and the Ford (20) and Vand (54) equations for 
1 
relative fluidity, The Ford (20) equation has its first zero 
µr 
at a concentration between 51 and 52 volume percent which seems too 
low, resulting in fluidity values smaller than the experimental re-
sults over the range of measurements. The Vand equations also give 
fluidities smaller than the experimental values but the shape of 
the Vand curves match the smoothed experimental data better than the 
Ford curve does. The overall good agreement suggests that the 
smooth~d experimental c~rve could be fitted with either of the forms 
of the Ford or Vand equations. 
The equations by Frankel and Acrivos (21), Chong (10)> and 
Bagnold (7) may all be used. to estimate a value for cp appropriate 
m 
to the smoothed experimental results. When the Frankel and Acrivos 
equation is recast in terms of cp = cp/cp and the Chong and Bagnold 
r - m 
equations are recast in terms of cp* .=. (cphm)/(l. - cp(cpm) the follow-
ing procedure will apply to both forms: compute µ as a function of 
r 
cp and as a :function of cp* and plot; from the plots read the values 
r 
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Figure 17. Comparison of smoothed experimental results 
to the Ford aK~d Vand equations. 
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of cp and cp* corresponding to experimental values of µ ; compute 
r r 
~m from the experimental values of cp and the graphical values of cpr 
and cp* ; plot cp as a function of cp and determine the limiting value 
m 
at the upper values of cp • The result is cp = 0.55 for both the 
m --
Frankel and Acrivos (21) equation and the Chong (10) ~d Bagnold (7) 
equations, bringing to mind the volume fraction of the simple cubic 
packing of spheres 0.5236. There are two quick possible explana-
tions why the experimental result is greater than the simple cubic 
packing volume fraction: the first is the slight dispersion in 
sphere diameter and the second is the inclusion of relative viscos-
ities for suspensions whose power law indices were greater than one. 
Both these influences would tend to increase cp over the single-
m 
size, simple cubic packing value. 
The smoothed experimental results and a least squared 
error polynomial fit computer program were used to determine the 
coefficients in the following equations: 
Mooney equation: µr = exp [2.5 cp/(1-1.31 cp)] 
Fluidity polynomial: 
coefficients are shown in Table 12. 
Relative Viscosity polynomial: 
coefficients are shown in Table 12. 
TABLE 12 
Least Square Fitted Polynomial Coefficients 
a al a2 a3 a4 . a5 a6 a7 0 
Fluidity Polynomial 
• CJ77 -2.18 
1.00 -2.82 1.55 
1.00 -2.46 
- .775 +3.58 
1.00 -2.50 - .266 1.72 2.10 
1.00 -2 .51 - .00327 .0375 6.42 -3.86 
1.00 -2 .50 - .260 2.51 -4.25 _17.3 -15. 7 . 
1.00 -2.49 - .586 6.81 -31.3 105. -157. 89.8 I-' 
0 
+ 
Relative Viscosity Polynomial 
- .409 21.6 108. 
1.51 -22. 9 -195. 466 
1.03 -11!7 239. -1.12 x 103 1.79 x 103 
.994 l0.5 -19.3 1.63 x 10 3 -5.29 x io3 6.32 x 103 
1.00 -1.66 148. -1.65 x 103 8.86 x 103 -2.17 x 10 4 2.08 x 10 4 
1.00 4.63 -84. 1.41 x 103 4 1.04 x 10 4.08 x 10 4 -8.0l x 10 4 6.41 x 10 4 
105 . 
Lee's Modified Roscoe-Brinkman equation: 
1 
µr = ( 1 - cp ) 
(2.5 + 1.1&.p + 7.33 ~O F 
Chong-Bagnold polynomial in cp* 
II 
r-r = 1 + 1.70 cp* + 0.337 (cp*)
2 
Vand's equation: 
= 
Simha ' s (45) "f" parameter was evaluated, following the procedure 
indicated by Simha and Somcynsky (46), with the result: f = 1.79. 
The resulting values of relative viscosity are shovm on Figure 16 
where the agreement of Simha's equation with the smoothed experi-
mental results is seen to be very good. "f" varies with concentra-
tion and, in fact, has a maximum near 30 volume percent in the pres-
ent results and near 40 volume percent in Sim.ha and Somcynsky's 
determination . Sim.ha and Somcynsky chose the maximum value for 
their comparison with the su.1Dlllary curve by Thomas, but the good 
~greement between the present smoothed experimental results and the 
Simha equation would be further improved by the use of the high 
concentration limiting value, f = 1.74, in place of the maximum 
value. By way of contrast, Simha's (451 expression for relative 
viscosity in the limit of high concentration is a very poor fit to 
the present results, since the calculated expression approaches 
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the experimental results from below with a large value of the slope. 
An alternate representation of the experimental data. 
Monomodal suspensions are power law fluids, with a shear stress-
shear rate relationship given by 
I n-1 T = m (.y y 
in which n is the power law index, and 
m is the consistency coefficient. 
At concentrations below approximately 35 volume percent solids, 
n = 1 .0 and m is the same as IL, the viscosity, so that monomodal 
suspensions are well characterized by a Newtonian relative viscosity, 
µ • Above 35 volume percent, n ;:> 1.0, and monomodal suspensions 
r 
require more than one parameter to characterize their flow proper-
ties. An alternative to the relative viscosity is shown in Figure 
18 where the "relative consistency, m/µ ",is shown as a function 
0 
of concentration. This function, together with the power law index 
shown in Figure 8, provides an accurate power law representation of 
the experimental flow properties of concentrated monomodal suspen-
sions beyond the range of validity of the relative viscosity. At 
low concentrations, the relative viscosity curve and the relative 
consistency curve coincide. 
''?2 
80 
70 
>- 60 
(.) 50 -
z 
~ 40 
(/) 
(/) 30 
z 
0 
(.) 
w 
> 
I-
<( 
_J 
w 
20 
a:: 10 
9 
0 8 
::i_ 7 
6 
E 5· 
4 
3 
2 
. 
. 
. 
. 
107 
. 
. 
........ 
. : 
.·.·.: .. ·.· . 
................ : 
·:.:·:-:·.·. 
· ........ . 
~ · ... 
f .::r:;::;.J: ~ 
"-' ·+· ~ 
••··••=SMOOTHED EXPERIMENTAL RESULTS 
Dor;-~~--KKn-~~-;:;-;K_-~~-:fr;---D"~~-hI--~~KKgK:KK~~~~~~__g 
.10 .20 .30 .40 .50 .60 .70 
¢ ~ CONCENTRATION, VOLUME FRACTION 
Figure 18. Average relative consistency for monomodal 
suspensions as a f'unction of concentration. 
\ 
108 
(This page intentionally blank) 
109 
Bimodal Suspensions 
Results. The results of the bimodal measurements are 
tabulated in Table 13. The unhappy effect of the combination of the 
26 micron spheres and the new suspending fluid is especially notice-
able in the 26/6l, 26/125, and 26/221 series of measurements in 
which all the suspensions having an appreciable volume fraction of 
26 micron spheres exhibit abnormally low power law flow indices. 
This effect does not appear in the extensive 26/183 series because 
the old fluid was used for those measurements, and the measurements 
were made before the old fluid was ruined. The power law index for 
the 40 volume percent bimodal suspensions is generally smaller than 
that for a monomodal suspension of the same concentration. 
The viscosities of those suspensions for which electro-
viscous effects were apparent were calculated by means of a least 
square error fit of the experimental shear stress, shear rate data 
to the Casson equation (9): 
+ (r )1/2 
y 
from which K2 represents the limiting differential viscosity of the 
Casson fluid. The experimental data were satisfactorily linear on 
the square root coordinates. The relative viscosities of such sus-
2 pensions were calculated as u* = K /µ • These values are marked 
· r o 
with an asterisk in Table 13. This definition of relative viscosiiy 
is a departure from previous practice but is adopted here as a con-
sistent and accurate representation of the experimental data. 
llO 
TABLE 13 
Experimental Results for Bimodal Suspensions 
Concentration Composition Power Relative 
Volume °lo 'fa Small/% Large Law Viscosity, 
Index JJ. , or µ* r - r 
26, 61 micron spheres r1/rj = .43 
40 30/70 .944 6.23:* 
40 40/60 . 920 5. 93* 
40 50/50 .853 6.19* 
26, 125 micron spheres r./r. = .21 
J_ J 
40 30/70 .939 5.12* 
40 40/60 • 9'29 5.25* 
40 50/50 • 9'27 5°35* 
20 30/70 1.01 l.90 
30 30/70 .970 2.76 
50 30/70 .957 14.2 * 
26, 183 micron spheres r./r. = .14 
J_ J 
40 10/90 1.00 5.57 
40 20/80 1.00 4.90 
40 30/70 .995 4.81 
40 30/70 1.03 4.58 
40 40/60 1.01 4.86 
40 50/50 1.01 5.06 
40 60/40 l.Ol 5.26 
40 70/30 1.00 6.42 
40 80/20 l.03 6.88 
40 90/10 (l.05) (9.20) 
40 90/10 1.00 9.72 
20 30/70 1.00 1.77 
30 30/70 .998 2.68 
50 30/70 .999 10.l 
60 30/70 . 988 29.2 
20 50/50 l.01 1.83 
30 50/30 .999 2.80 
45 50/30 1.02 7.57 
50 50/50 .993 12.4 
55 50/50 1.01 21.6 
60 50/50 (1.08) (83 .2) 
lll 
TABLE l3 -- Continued 
Experimental Results for Bimodal Suspensions 
Concentration Composition Power Relative 
Volume % °/a Small/% Large Law Viscosity, 
Index /.L , or µ* 
r r 
26, 22l micron spheres r./r. = O.l2 
1 J 
40 20/80 .968 4.55* 
40 30/70 .945 4.22* 
40 40/60 .908 4.l3* 
40 50/50 .792 3.91* 
20 30/70 l.Ol l.75 
30 30/70 l.00 2.42 
61, l25 micron spheres r./r. = 0.49 
1 J 
40 30/70 l.01 7.81 
40 40/60 1.01 7.33 
40 50/50 1.01 8.51 
20 40/60 1.02 2.00 
30 40/60 1.01 3.52 
30 40/60 1.0l 3.84 
40 40/60 1.02 8.45 
61, 183 micron spheres r./r. = 0.33 
1 J 
40 30/70 l.Ol 5.87 
40 40/60 l.Ol 5.78 
40 50/50 l.Ol 5.81 
40 60/40 1.0l 6.02 
40 60/40 l.01 6.J.4 
40 70/30 1.01 6.17 
30 40/60 .995 2.81 
50 40/60 (l.04) (17 .8) 
60 40/60 (1.32) (138. ) 
61, 22l micron spheres r./r. = 0.28 
1 J 
40 30/70 .985 5.64 
40 40/60 .980 5.34 
40 50/50 1.00 5.73 
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TABLE 13 -- Continued 
Experimental Results for Bimodal Suspensions 
Concentration 
. Volume °/o 
30 
30 
30 
20 
40 
40 
50 
4o 
40 
40 
125, 
125, 
Composition 
% Small/% Large 
183 micron spheres 
30/70 
40/60 
50/50 
40/60 
40/60 
40/60 
40/60 
221 micron spheres 
30/70 
40/60 
50/50 
* K2 denotes µ* = ~ • 
r µ.r 
Power 
Law 
Index 
r ./r. = 0 . 68 ). J 
1.00 
.9'fl 
1.00 
1.00 
1.00 
1.01 
(1.10) 
r./r. = 0.57 ). J 
.987 
.984 
• 'f75 
{) denotes results for dilatant suspensions. 
Relative 
Viscosity, 
µ. , ·or µ* 
r , r 
3.02 
3.10 
3.18 
1 .86 
6.96 
7.13 
(29.5 ) 
7.16 
6.39 
6.55 
113 
Calculation of the Mooney Crowding Factors. The crowding 
factors, X12 and A21 , which appear in the bimodal form of the Mooney 
equation, 
2.5 cpl 
= exp (--------
were determined by the simultaneous solution of the following re-
arranged logarithmic form on A21 , A12 coordinates: 
1 cp2 
= - - A· -
cpl 22 cpl 
~ ,· ! 
~ µr - / cpl 
2.5 1 - >..ll cpl - >..21 cp2 
Each bimodal suspension is represented by a separate curve on the 
>..21 , >..12 coordinates. Figure 19 shows the (>..21 , >..12 ) plots for the 
61/125 bimodal suspensions. Those suspensions with equal total . con-
centration have composition as a parameter and are represented by 
closely spaced curves of very similar shape with no definite common 
(>..21 , >..12 ) point. Those suspensions with repeated compositions have 
total concentration as a parameter and are represented by a family 
of curves of continuously varying shape whose common point can be 
seen to be the point of mutual tangency. The simultaneous solution 
was found by numerically searching the >..21 , >..12 coordinate system 
for that set of (A21 , >..12 ) for which the squared error sum given by 2 
6 [ (µr (experimental) - µr (calculated) )/µr (exper) J was minimized. 
This is the fitting criterion reconnnended by Cramer and Marchello 
(13). 
- 3 -2 - I 
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A21= 1. 31 
\2= 1.28 
ll4 
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Figure 19. (X21 , A12 ) plots for the 61/125 bi.modal suspensions. 
+3 
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Figure 20 shows the curves for the 125/221 bimodal suspen-
sions (all at 40 volume percent total concentration) which have no 
obvious simultaneous solution. In cases like this, the loci of 
(X21 , A12 ) having minimum values of the squared error criterion were 
determined. 
Figure 21 shows the most typical situation in which the 
various curves are more or less tangled. In cases like this, the 
curves were forced into the configuration of Figure 19 by adjusting 
the experimental values of relative viscosity up or down as re-
quired. The adjustment of relative viscosity was constrained by the 
requirement that the adjustment be spread evenly, or nearly so, over 
all the curves, and of course, that the adjustments be as small as 
possible. Once the curves were untangled in this way, the numerical 
search for the least squared error value(s) of (A21 , X12 ) was per-
formed as described earlier. 
The results of these procedures are collected in Figure 22 
where the four numerical solutions obtained and the minimum error 
loci for all the size combinations are shown on the same coordinates. 
A smooth curve was fitted by eye to the four numerical solutions, 
and the coordinates of the intersections of the minimum error loci 
and the smooth curve read off as the desired values of (X21 , A12 ). 
These values are replotted in Figure 23 as a f'unction of size ratio, 
and tabulated in Table 14 as the principal result of this research. 
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Figure 20. (A21 , A12 ) plots for the 125/221 bimodal suspensions. 
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Figure 2l. (A2l' Xl2 ) plots for the l25/l83 bimodal suspensions. 
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TABLE 14 
The Mooney Crowding Factors as a Function of Size Ratio 
Sphere r. r. Numerical Graphical l. 
_J_ 
Sizes r. ri Solution Solution J 
A.21 ' A.12 >..21 5. X12 
26/61 o.43 2.33 locus l.03, M ~TT 
26/125 .21 4.76 0.89, 0.38 .92, .35 
26/183 .14 7.1 locus .86, .02 
26/221 .12 8.3 .86,-1.22 .Bo, -1.12 
61/125 .49 2.04 1.31, 1.28 1.08, .90 
61/183 .33 3.0 locus 1.0 ' .69 
61/221 .28 3.57 locus .95' .50 
125/183 .68 1.47 1.20, 0.91 1.13, .99 
125/221 .57 1.75 locus l.12, .98 
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The comparison of the experimental values of relative vis-
cosity with those calculated from Mooney's equation with the graphi-
cal solution values of A21 and x12 is shovm in Figures 24 through 
32. The agreement is generally fair except for the 61/125 system 
which is everywhere poor for undiscovered reasons, and for the 
26/183 system in which the small sphere end of the composition range 
shows extreme diameter dependency. 
Identification of minimum relative viscosity compositions. 
The minimum relative viscosity compositions for a bimodal suspension 
can be determined from the experimental A21 , Al2 values and the 
first derivative of the bimodal Mooney equation with respect to 
composition, with total concentration as a parameter. The messy 
algebra can be avoided by a trial and error computer calculation 
which locates the composition at which the first derivative of rela-
tive viscosity changes sign. The results are shown in Table 15. 
The minimum relative viscosity composition is a function 
of total concentration and size ratio but not of the Einstein co-
efficient or the Mooney self-crowding factor. The variation o~ 
F . , the fraction small spheres, with total concentration and size 
ID.J.n 
ratio is illustrated by Figure 33. 
Effect of size distribution. Two questions are of con-
siderable interest in the matter of the effect of size distribution: 
the first is how much did the remaining diameter variation within 
each size fraction of spheres used in the bimodal suspensions in-
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Figure 28. Comparison of e:>...'Perimental and calculated relative 
viscosities for 26/183 bimodal suspensions 
of 30/70 and 50/50 compositions. 
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26/221 BIMODAL SUSPENSIONS 
COMPOSITION • 30170 
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Figure 29. Comparison of experimental and calculated relative vis-
cosities for 26/221 bimodal suspensions of 30/70 composition. 
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Figure 30. Comparison of experimental and cal culated relative vis-
cosities for 61/125 bimodal suspensions of 40/60 composi t i on. 
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61/183 BLMODAL SUSPENSIONS 
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Figure 31. Comparison of' experimental and calculated relative vis-
cosities for 61/183 bimodal suspensions of' 40/60 composition. 
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TABLE 15 
Bimodal Composition for Minimum Relative Viscosity 
Total Concentration: Forty Volume Percent 
Size Ratio Fraction Small Spheres 
O.l2 o.407 
.14 .448 
.21 .462 
.28 .468 
.33 .477 
.43 .480 
.49 .485 
.57 .488 
.68 .488 
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Figure 33. Variation of the fraction of small spheres for minimum bimodal r elative viscosity with 
size ratio and total concentration . 
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fluence the bimodal relative viscosity, and the second is how close-
ly must the spheres be sized in order to result in monodisperse 
suspensions? 
These questions may be investigated with Figure 34 which 
shows the ratio of the minimum bimodal relative viscosity to the 
monomodal viscosity at corresponding total concentrations, as a 
function of size ratio and total concentration, and with Table 16 
which shows the interquartile size ratios obtained if the size frac-
tions are imagined to be sharply defined 50/50 bimodal mixtures of 
spheres of the 25th and 75th percentile diameters. 
The magnitude of the effect of diameter variation in the 
bimodal case can be estimated by employing the synthetic fluid con-
cept in the following way . Take as an example the worst case: a 
40/60 bimodal suspension of 26 and 221 micron spheres. The volume 
fraction of 26 micron spheres is 0.16, c.nd the volume fraction of the 
221 micron spheres is 0.24. Imagine the mixture of 26 micron spheres 
and the suspending fluid to be a 50/50 bimodal suspension of spheres 
with a size ratio of 0.557, and a total volume fraction of 0.16/ 
(l- .24), or 0.21. From Figure 33 the ratio of minimum bimodal rel-
ative viscosity to the monomodal viscosity is 0.97. The mixture of 
the 221 micron spheres and the synthetic fluid composed of the small 
spheres plus liquid is imagined to be a 50/50 bimodal suspension of 
spheres with a size ratio of 0.879 aK~d a total volume fraction of 
0.24: from Figure 33 the corresponding ratio is 0.98. The relative 
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TABLE 16 
Interquartile Size Ratios within Size Fractions of Spheres 
Size Fraction Percentile Diameters, Interquartile 
Median Diameters Microns Size Ratio 
Microns 25th 75th 
26 20 36 0.557 
61 58 64.5 .9 
125 116.5 129 .91 
183 175 190 .922 
221 207.5 236.5 .879 
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viscosity of the bimodal synthetic fluid suspension is seen to have 
been reduced to (0.97)(0.98) or to 0.95 of the expected value of a 
bimodal suspension of purely monomodal size fractions. The size 
spread within the size fractions is seen to be a minor influence 
upon the relative viscosity of bimodal suspensions. 
The same procedure indicates that the 61, 125, 183, and 
the 221 micron diameter monomodal suspensions at concentrations of 
40 volume percent or less may be expected to have less than a six 
percent reduction in relative viscosity due to diameter variation 
within the size fractions. The 26 micron spheres could have as 
much as l~ reduction, but such a large reduction would have been 
obvious and influential in the extrapolation of relative viscosity 
to zero sphere diameter. No such reduction exists in the present 
experimental data for monomodal suspensions. The likely reason for 
the absence of this large potential reduction in the relative vis-
cosity of the 26 micron suspensions is the continuous nature of the 
actual size distribution within the size fraction. The estimation 
procedure employed here makes the conservative assumption of a dis-
tinctly separated bimodal size distribution which, in fact, does 
not occur. The intermediate sizes actually present effectively 
spoil the viscosity reduction potentially available through the 
imagined bimodal size distribution. 
The results are, then, that the variation of sphere dia-
meter within the size fractions would not be a large influence upon 
the bimodal results, and are a potentially large influence upon the 
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monomodal measurements only in the case of the 26 micron spheres. 
Since there were no clearly discernable effects observed in the ex-
perimental results, it is concluded that the size fractions used 
were sufficiently narrow to assure they behaved as single distinct 
sizes, and that further fractionation by diameter would not signifi-
cantly alter the conclusions reached on the basis of the experimental 
data reported here. 
Effect of incremental additions of a second size of 
sphere. An interesting application of the Mooney bimodal inter-
action parameters is to the question of whether or not the relative 
viscosity of a monomodal suspension can be reduced in absolute 
magnitude by the addition of a second size of sphere. The answer is: 
yes, it can, as shovm in Figure 35 for the case of a suspension in-
itially at 40 volume percent large spheres. The addition of a second 
size of sphere will always reduce the slope of the relative viscosity 
versus concentration line, but only for the proper choice of size 
r atio and concentration will the slope be reduced to les s t han zero~ 
The approximate boundary of conditions for which the slope of rela-
tive viscosity versus concentration is zero is shown in Figure 36. 
The combinations of size ratio and concentration of larger spheres 
r epresented by the a rea above the l ine in Figure 36 are those for 
which the relative viscosity of a suspension will decrease for the 
initial additions of a second, smaller size of sphere. 
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The addition of a second, larger size of sphere will in-
crease the relative viscosity of a suspension but at a lower slope 
than for corresponding additions of the original size. 
Strictly speaking, Figure 36 is valid below concentrations 
of 45 percent when considered in terms of relative viscosity. How-
ever, addition of a second, smaller size of sphere to a monomodal 
suspension more concentrated than 45 percent will reduce the sus-
pension's power law index and reduce the suspension's resistance 
to flow, up to the limit of bimodal concentration for Newtonian 
flow for the particular size ratio involved. 
Comparison of the results to the literature. The con-
clusions of Ward and Whitmore (55) were confirmed, with a higher 
value for the concentration limit of Newtonian flow. Their quali-
tative conclusions concerning the dependence of relative viscosity 
upon size distribution have been extended to a quantitative rela-
tionship. The experimental results of Eveson et al. (l8) are con-
firmed in most part, especially in regard to the location of the 
minimum in relative viscosity as a function of composition in bi-
modal suspensions. Their very low concentration limit for Newtonian 
flow is suggestive of the influence of electroviscous effects upon 
the 38 micron spheres used as the small size fraction. The present 
results agree with those of Maron and Madow (34) in that power law 
flow was observed for concentrations exceeding the limit for New-
tonian flow but the power law indices do not agree. The present 
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results indicate a much higher limit of concentration for Newtonian 
flow than their result of 25 volume percent. The location of the 
minimum in relative viscosity as a function of bimodal composition 
is generally confirmed . Williams (56) results are generally con-
firmed and extended by the results reported here. The concentration 
limit for Newtonian flow in monomodal suspensi ons was f ound here to 
be less than his 5o ·volume percent. His bimodal results are con-
firmed and extended to a quantitative r elationship between size 
distribution, concentration, and relative viscosity. His observa-
tions on non-Newtonian flow in suspens i ons of micron-sized spheres 
were also confirmed. The qualitative results of Sweeny and Geckler 
(50) .for bimodal suspensions are confirmed by the results reported 
here, bearing in mind the shear rate dependence of their results. 
The experimental results of Ting and Luebbers (52) are based on 
measurements at a single rate of shear and are not strictly compar-
able to the results reported here. The present results are very 
nearly in quantitative agreement with the results of Eveson (17) at 
20 volume percent and extend his work t o higher concentrations and 
quantitative relationships between composition and the relative 
viscosity of bimodal suspensions. The only other experimental values 
for the Mooney crowding factors Al2 and A21 are those of Sweeny (49). 
Keeping in mind that Sweeny's experimental data showed time depend-
ency, the present results are compared to Sweeny's in Figure 37 
where the agreement is seen to be good. The present results con-
firm Cheng's theoretical prediction of minimum bimodal relative 
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Figure 37. Comparison of experimentally determined Mooney 
bimodal crowding factors. 
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viscosity as a function of concentration , as shown in Figure 38, but 
are quite at odds with his experimental results in the matter of flow 
behavior of concentrated suspensions at low shear rates. Brodnyan's 
results (8) for suspensions of submicron polymer latices are corro-
borated, and extended to higher concentrations and a wider range of 
size ratios. Brodnyan's results indicate that sphere diameter does 
not af'fect the relative viscosity of suspensions of very small 
spheres provided electroviscous effects can be suppressed. 
The experimental results reported here agree very nicely 
with the predictions of the phenomenological theory by Farris (19). 
The present experimental results show the bimodal reduction in rela-
tive viscosity to be appreciable at lower total concentrations than 
predicted by Farris, but show the same location for the minimum in 
relative viscosity as a function of composition. The predicted ef-
fect of the addition of a second size of spheres to a monomodal sus-
pension is corroborated by the experimental results, which add the 
size ratio and concentration bounds f or the effect, removing the 
non-interaction condition required by Farris' development. 
The present work differs sharply with Farris' discussion 
in the matter of the limits of Newtonian flow, beyond which the simple 
term "relative viscosity" does not apply. The results reported here 
show monomodal suspensions to be possibly Newtonian up to concen-
trations between 45 and 50 volume percent, and bimodal suspensions 
to be possibly Newtonian up to the vicinity of 60 volume percent. 
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Figure 38. Minimum relative viscosities in bimodal suspensions. 
Above such concentrations, some parameter or combination of para-
meters other than relative viscosity i s r equired to adequately re-
present the flow behavior of concentrated suspensions of spheres~ 
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Trimodal Suspensions 
Results. The results of the experimental measurements upon 
trimodal suspensions of 26_micron, 61 micron, and 183 micron spheres 
with a constant total concentration of 45 percent solids by volume 
are shown in Table 17 where the influence of the 26 micron spheres 
is again reflected by reduced power law indices. The Casson viscos-
ity, K2 , was employed to calculate the relative viscosity,µ*. Forty-
r 
five volume percent total concentration is the limit of total con-
centration at which the suspensions are still Newtonian at the pure 
component vertices on the composition diagram. The relationship be-
tween trimodal composition and relative viscosity, µ*, for this sys- -
r 
tern, size ratios 0.14, 0.33, 1.0 is displayed in Figure 39 where equal 
relative viscosity contours are drawn on a three-component composi-
tion diagram. The two-component relative viscosities along the 
boundaries were calculated from Mooney's equation. 
A minimum in relative viscosity, µ.*, as a function of com-
r 
position was anticipated at the intersection of the three lines 
drawn from each of the three bimodal compositions of minimum rela-
tive viscosity to the opposing vertex of the triangular composition 
diagram. For the system investigated here, this was at a composi-
tion of 20 percent of 26 micron spheres, 30 percent of 61 micron 
spheres, and 50 percent of 183 micron spheres. As Figure 39 shows, 
in this area of the composition diagram the relative viscosity, µ*, 
r 
declines monotonically in the direction of the 26/183 bimodal mini-
TABLE 17 
Experimental Results for Trimodal Suspensions 
Sample Nr. Composition Power law 
' 2 
µ* K r Index 183/J 61µ 26µ 
°/o °fr, °/o 
1 50 30 20 .966 .428 
lo 
7.44* 
2 60 30 10 .984 .455 7.91* 
3 40 30 30 .907 .421 7.32* 
4 40 40 20 . 953 .461 8 .02* I-' + 
-..:] 
5 60 20 20 .975 .412 7.17* iO-;, 
6 50 20 30 .910 .405 7.o4* 
7 50 40 10 .972 .441 7.67* 
8 70 20 10 .980 .418 7. 27* 
9 70 10 I 20 
10 60 10 30 
., 
11 50 10 40 
12 80 10 10 .99 • >.-1J+2 7 .69* 
13 40 50 10 LOO f;,.. .492 8.56* 
K2 
Size Ratios: 0.14, 0.33, 1.0. * denotes µ* = ~ . 
r µo ' 
.... ,, 
~:i· 
- ---- "D~--
15
·
4 183 MICRONS 
SIZE RATI OS : 0.14, 0.33, 1.0 
7.07. 7.27 
cP = 0.45 
7.17 7.91 
7 ~TKM4 7.44 7.69 
7.32 8.02 8.56 
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Figure 39. Relative viscosity as a function of composition in trimodal suspensions 
with total concentrations of 45 volume percent of solids. 
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mum in relative viscosity at 44 percent 26 micron spheres and 56 per-
cent 183 micron spheres. 
The present results indicate that three-component suspen-
sions of the size ratios 0.14, 0.33, l.O do not exhibit a minimum in 
relative viscosity, µ*, ~t concentrations of 45 volume percent total 
r 
concentration or less. 
Comparison of results with the literature. The present 
results are not directly comparable to the results of Ting and Leub-
bers (52). The results of Metzner and Whitlock (35) are corroborated 
in that rheological dilatancy was not observed in this trimodal sys-
tem at a total concentration of 45 volume percent. The same agree-
ment is noted with Eveson's (17) low concentration trimodal suspen-
sions. The observations by Parkinson et al . (39) and by Sacks et al . 
(44) that the addition of a third, intennediate size of sphere to a 
suspension increases the relative viscosity at a total concentration 
in the vicinity of 45 volume percent were confirmed. 
The theoretical predictions for non-interacting spheres by 
Farris (19) are generally confirmed for the trimodal system investi-
gated here, with the major reservation that Farris takes no account 
of the concentration limits for Newtonian flow in his use of the 
term 0 relative viscosity". The trimodal composition for minimum 
relative viscosity at very high total concentrations predicted by 
Farris is in good agreement with that anticipated here on the basis 
of the experimentally determined bimodal minimum relative viscosity 
compositions. 
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Additional experimental data are required to define the 
limits of Newtonian flow for trimodal suspensions in which electro-
viscous effects have been suppressed as a function of size ratios 
and total concentration. The area of the anticipated minimum in 
relative viscosity, near 20 percent small, 30 percent intermediate, 
and 50 percent large, would be the area of greatest interest. 
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IV 
CONCLUSIONS AND RECOMMENDATIONS 
Conclusions 
Monomodal suspensions. Monomodal suspensions of neutrally 
buoyant, rigid spheres in Newtonian fluids are Newtonian fluids at 
concentrations up to 35 volume percent solids. Between 35 and 45 
volmne percent solids, a power law index of unity is included within 
the 95 percent confidence limits calculated for the mean experimental 
power law flow index, but at 47.5 volume percent solids, units is 
excluded by the 99 percent confidence limits. 
The relative viscosity of suspensions of spheres is in-
dependent of sphere diameter in the absence of electroviscous effects. 
The experimental, zero diameter, extrapolated relative viscosity 
determined as recommended by Thomas (51) as a function of concentra-
tion is: 
Concentration, Vol.%: 
Relative viscosity: 
20 
2.00 
30 
3.40 
35 
5.42 
40 
7.92 
The self-crowding factor, A .. , in the monomodal form of 
11 
Mooney's (37) equation is determined to be 1.308. 
Within the precision of the experimental results reported 
here, there was no statistically significant wall effect. 
A size fraction of spheres may be considered monomodal 
~~th good accuracy if the interquartile size ratio is 0.9 or greater. 
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For an interquartile size ratio of 0.9, the maximum potential reduc-
tion in relative viscosity is estimated to be six percent. The pres-
ence of intermediate sizes, as in a continuous size distri bution, will 
limit reductions in relative viscosity to less than six percent. 
Bimodal suspensions. Bimodal suspensions of neutrally 
buoyant, rigid spheres in Newtonian fluids in the composition range 
of 30 to 50 percent by volume of small spheres appear to be Newtonian 
fluids for total solids concentrations at least as large as 40 volume 
percent, but not as large as 60 volume percent. The limits of con-
centration for Newtonian flow in bimodal suspensions are a f'unction 
of concentration, ~ompositionI and size ratio which remains to be 
determined. 
The values of the crowding factors in the bimodal form of 
.Mooney's (37) equation, as f'unction of size ratio are: 
All = A22 = 1.308 
Size ratio A21 A12 
0 .12 0.80 -Ll2 
0.14 0.86 0.02 
0.21 0.9'2 0.35 
0.28 0.95 0 . 50 
0.33 1.0 0.69 
o.43 1.03 0.77 
o.49 1.08 0.90 
0.57 1.12 0.98 
o .68 1.13 0.99 
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The crowding factors are independent of sphere size, concentration, 
and shear rate for suspensions within the limits of concentration for 
Newtonian flow and in which electroviscous forces are absent. Bimodal 
suspensions have a wide minimum in relative viscosity as a function 
of composition at constant total concentration. The composition 
exhibiting minimum relative viscosity is a function of total concen-
tration but not of the self-crowding factor or the Einstein co-
efficient. 
Trimodal suspensions. Trimodal suspensions with size 
ratios of 0.14, 0.33, 1.0 are expected to be Newtonian fluids at con-
centrations of 45 volume percent in the absence of electroviscous 
effects, but do not exhibit a minimum in relative viscosity as a 
function of composition at total concentrations of 45 volume percent 
or less. 
Recommendations 
Further investigations. The variation in power law index 
of monomodal suspensions a s a function of concentration between con-
centrations ·or 40 and 60 volume percent solids should be determined 
with greater accuracy. 
The limits of Newtonian flow in bimodal and trimodal sus-
pensions should be determined as a function of size ratios, composi-
tion, and total concentration. The variation of power law index 
with the same parameters should be determined outside the limits of 
Newtonian flow for suspensions. The values of ~ for multimodal 
m 
suspensions of fixed size ratio and composition may be correlatable 
with the properties of packed beds of spheres of similar character-
istics. 
Bimodal crowding factors should be determined at small 
size ratios, less than 0.15, with better suppression of electro-
viscous effects. 
Trimodal suspensions should be investigated for the exist-
ence of a realizable minimum in relative viscosity as a function of 
composition at total concentrations greater than 45 volume percent. 
Experimental technique. A more reliable test for the 
occurrence of wall effects in suspension viscometry is needed. 
The separation of spheres by specific gravity as well as 
by size is necessary , and should probably precede the separations 
by size. The separation by size can be accomplished satisfactorily 
using standard testing screens. 
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TABLE A l 
Cup Speeds in Radians per Second 
Insco Gearbox Motor Speed 
Settings 1300 rpm 1800 rpm 
1000/l .00430 . 00596 
500/1 .00967 . • 0134 
200/1 .0241 .0334 
100/l .0483 .0668 
50/1 .0965 .134 
20/1 .241 .334 
10/l .483 .669 
5/1 .967 l.34 
2/l 2.42 3.35 
l/l 4.83 6.69 
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TABLE A 2 
Thermometer Comparisons 
Temperature Temperature Error 
oc oc 
(9:: -8068) PB -1065 
25.245 -Oo06 
27.46 - .09 
29.685 - .135 
31.91 - .ll 
34.155 - .055 
36.415 - .015 
38.56 + .03 
38.53 + .025 
37.16 - .015 
34. 965 - .06 
32.745 - .l20 
30.575 - .l25 
28.365 - .13 
26.-16 - .08 
25.295 .08 
Temperature Temperature Error 
oc oc 
( 9:: 8068 ) 2C 9285 
37.80 -0.15 
37 .30 - .15 
36.80 - .l2 
37.l2 - .l4 
37.62 - .15 
38.07 - .17 
38.59 - .l7 
39.10 - - .14 
31.41 - .15 
32.42 - .16 
33.41 - .16 
34.15 - .l7 
34.98 - .l8 
35.96 - .16 
36.90 - .l6 
37.97 - .17 
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TABLE A 3 
Viscosities o:f Standard Oils 
Oil ~ e mp e r a t u r e, ° C 
20 25 37. 78 . 98 .. 89 
S-3-70101 3. 789 cp 3.321 cp 2.459 cp 0.9121 cp 
s-6-57-2h 9.490 7.910 5.262 1.484 
S-60-65-la 156.9 114.1 55.75 6.531 
s-60-68-lc 163.4 118.9 58.05 6.749 
· s-60-70105 146.7 105.9 51.07 5.899 
·,. .. 
TABLE A 4 
Raw Data for Standard Oils 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
n. .0043 .00967 .0241 . ol+83 .0965 .241 .483 .%7 2.42 4.83 Rad/Sec 0. 
Bob, Cup M, Torque, dyne - cm Cup Temp 
S-3-70101 oc 
58 • 124 .278 .690 1.34 2.72 6.84 13.4 27.3 70.0 140 • 37.0 
3G .127 .273 .683 1.30 2.66 6.74 13.0 26.7 69.2 137. 37.0 
s -6-57-2h 
~d K1U1~ .420 1.03 2.10 4.26 10.4 21.l 42.7 105. 219. 37.0 
3G .380 .693 1.58 3.14 6.23 15.0 30.0 60.7 149. 307. 37.0 
3G • 311 -- 1.60 . 3.04 5. 99 14.3 29.1 58.6 142. 297. 37.0 I-' 
58 KOU1~ • 607 1.45 2.92 5.86 14.4 29.0 58.6 146. 298 • 37.0 O'\ + 3G .26 .586 1.40 2.88 5.78 14.o 28.8 58.1 141. 296. 37.0 
s-60-65-la 
4G 2.18 4.86 11. 9 23 . 9 47 .8 117. 237. 476. --- --- 37.2 
3G 2.99 6.70 16.2 33.0 67 .1 161. 328 . 671. 
--- ---
37.2 
38 2.85 6.40 15.5 31.6 63 .3 155. 314 . 628. --- --- 37.0 
TABLE A 4 -- Continued 
Raw Data for Standard Oils 
Insco lOOO/l 500/l 200/l 100/1 50/1 20/1 lO/l 5/1 2(1 1/1 Setting 
no .0043 .00967 .0241 .0483 .0965 .24l .483 .967 2. 2 4.83 Rad/Sec 
Bob , Cup M, Torque, dyne - cm Temp °C 
s -60-68-lc 
3G 3.00 6.79 16.4 33 .2 66 .8 126. 329. 665. --- --- 37.l 
4G 2.12 4.8l 11.7 24.2 48 .2 ll7. 238. 48l. --- --- 37.2 
58 3.lO 7.0l 16.7 34.7 69.4 168. 344. 686. --- --- 37.1 
6S 2.23 5 .02 l2. l 24 .9 50.0 121. 246. 496. --- --- 37ol 
5S 3 KO1~ 7.31 17 .7 36 .2 72.9 l77. 358. 724. --- --- 36.l 
6s 2.35 5.29 12.7 26.2 52.5 126. 260. 518. --- --- 36.l 
5S 3.28 7. 38 18.0 36.6 73 .9 179. 363. 731. --- --- 35.1 
68 2.43 5.50 13.2 27.1 54.6 132. 269. 540. --- --- 35.1 I-' 
5S 3.55 8.02 19.3 39.6 79. 8 195. 395. 792. 34.1 0\ --- --- V1 
6S 2.51 5.70 13 .7 28 .1 56 .8 136. 278. 562. --- --- 34.1 
5S 3.69 8.35 20.4 41.2 82.9 201. 409. 815. --- --- 33.1 
6s 2.69 6.10 14 .7 30.1 60.6 145. 298. 601. --- --- 33 .1 
5S 3.02 6.75 16.5 33.5 67 .3 -164. 330. 658. --- --- 37.9 
6s 2.13 4.79 11.6 23.7 47.5 114. 233. 470. --- --.- 37 .9 
5S 2.75 6.28 l5.2 31.0 62.4 151. 306. 616. --- --- 39.1 
6S 2.00 4-.52 10. 9 22.l 44 .6 107. 218. 437. 
---
__ _, 39.1 
5S 2. 94 6.66 15. 9 33.0 66 .2 158. 328. 659. --- --- 37.9 
68 2.08 4.73 ll.4 23.3 47 .2 114. 233. 470. --- --- 37.9 
3G 2.86 6.42 15.4 31.9 64.1 154. 319. 640. --- --- 37.9 
4G 2.08 4.73 11.4 23.3 4'"( .2 114. 233. 471. --- --- 37.9 
3G 2.86 6.35 15 .3 31.5 63.3 154. 3l4. 635, --- --- 37.7 
3G 2.92 6.54 15.8 32.5 65.2 l57. 324. 650. --- --- 37.l 
4G 2.22 5.02 l2. l O1~KU 50. l l21. 248. 50L 
--- ---
37.l 
TABLE A 4 -- Continued 
Raw Data for Standard Oils 
Insco 1000/1 500/1 2ooc1 100/1 . 50/1 2oc1 10/1 5/1 2c1 1/1 Sett ing 
no .0043 .00%7 ~MO 1 .0483 .0%5 .2 1 ,483 .%7 2. 2 4.83 Rad/Sec 
Bob, Cup M, Torque, dyne - cm · Temp °C 
S-60-68-lc Continued · 
6s 2.16 4.87 11. 5 23.9 48.0 115. 239. 479, -- -- 37.7 
5S 2.88 6.45 15 .8 32 .o ' 64.2 158. 320. 644. -- -- 37.7 
58 2.% 6.68 16 .4 33.0 66.7 163 . 330. 669. -- -- 37.1 
3G 2.91 6.62 15 .9 32.8 66.2 159. 327. 660. -- -- 37.1 
5S 2.88 6.54 15 .9 32.6 65.2 159. ' 323. 650. -- -- 37.1 
s-60-70105 
5S 2.57 5.83 14 .1 28.7 58.3 140. 286. 580. -- -- 37. 0 I-' 
3G 2.58 5.87 14 .1 28.9 58.4 140. 288. 582. -- -- 37.0 8\ 
38 2.48 5.64 13 .7 27.9 56.6 136. 279. 565. -- -- 37.0 
3S 2.67 5.% 14.4 29.6 59,9 144 . 2%. 598. -- -- 37 .0 
4s 1.88 4.30 10.4 21. l 42.8 103 . 211. 423. -- -- 37.0 
00 .005% .0134 .0334 ' .0668 .134 .334 .669 1.34 3,35 6.69 Rad/Sec 
S-60-70105 Continued 
3S 3.66 8.29 20, 3 41.2 82.7 203. 412. 827. -- -- 37.0 
4s 2.62 5. 90 14 .2 29.2 58.8 141. 290. 586. -- -- 37.0 
38 3.86 8.66 21.1 43.0 86.6 211. 429. 862. -- -- 37 .0 
4s 2.76 6.32 15 .4 31.1 62.8 153. 311. 625. -- -- 37 .0 
TABLE A 5 
Raw Data for Monomodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/l 5/1 2/1 1/1 Setting 
n 0.0043 .00967 .0241 .0483 .0965 .241 .483 .%7 2.42 4.83 Rad/Sec 0 
Cone ~~ Torque , dyne-cm. 
26 micron spheres Bob 3 Grooved Cup (G) 
0 0.262 0.572 1.45 3.88 5.85 14.34 39.0 59.5 150. 314. 
20 .526 1.19 3. 00 6. 04 11.6 29.6 59. 7 117: 302. 620. 
30 .864 1.98 5.31 10.4 20 .3 51.6 99.2 204. 528. 
40 1.95 4.95 12.l 25. 49.6 12l. 245 . 495. 
47.5 5.45 10.6 27. 5 ·59. 117. 318. 630 . 
50 5.61 12.9 44. 3 84. 206. 568. 
26 micron spheres Bob 4 G I-' 
O'\ 
0 0.189 o.418 o. 988 2.02 4. 08 9,78 20.3 41.3 103. 220. -....:i 
20 • 470 .884 2.24 4.71 8.46 21.6 46 .6 87.6 226. 475 • 
30 .832 1.67 4. 04 8.28 16.0 39,0 80 .8 159. 3Cff. 814. 
40.1 1.60 3.66 8.36 18 .8 38.4 95.4 196 . 405. 992. 
47.5 4.82 13.7 29.2 65.6 124. 30.5 653. 
50 5.80 15.8 36.6 77. 193. 504. 1080. 
26 micron spheres Bob 5 Smooth Cup (s ) 
0 0.258 0.587 1.42 2.84 5.87 14.1 OU~S 59.3 147. 308 . 
20 • 56 1.17 2. % R ~US 11.2 28.9 57.8 112 • 294 • 601. 
30 • 94 2.00 5,01 9.76 19.3 49,7 94.6 192. 501. 9Cff. 
40 2.24 5,15 12.3 25 .6 49.8 123. 248. 494. 
47.5 4.90 9.60 28. 4 59.0 123. 340. 692. 
50 6.30 13.4 38.2 81.0 189. 540. 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
% 0.0043 .00967 .0241 .0483 .0965 .241 .483 .967 2.42 4.83 Rad/Sec 
Cone °/o 26 micron spheres Bob 6 S 
0 0.202 o.445 1.05 2.17 4.37 10.5 21.8 44.5 109. 238. 
20 .380 .824 2.14 4.26 8.04 20.6 41.5 80.4 212. 444. 
30 • 680 1.38 3.55 7.40 13.9 34.8 70.4 138. 356 • 737. 
40 1.44 3.15 8.oo 16.2 32.6 82.0 162 .. 334. 835. 
47.5 3.00 6. 70 19.9 40.0 82 .5 225. 458 . 
50 4.40 11.5 30.4 64.o 135. 373. 770. 
61 micron spheres Bob 3 G 
0 0.264 0.566 1.33 2.72 5.43 13.2 27 .0 55.2 137. 290. 1--' 
20 .532 1.06 2.77 5.52 10.4 26.9 53.9 105. 280. 564. 0\ o::> 
35 1.48 3.26 7. 98 14.8 31.0 79.1 148. 313. 808. 
42.5 2.88 6.90 18 .o 36.0 77.5 202. 384 . 808. 
50 9.60 22.0 65.8 140. 326. 790. 
61 micron spheres Bob 4 G 
0 0.206 o.438 1.02 2.04 4.14 9. 94 20. 4 42.1 105. 226. 
20 .39) .840 2.08 1+ .32 7. 94 20.9 42 .6 81.0 214. 447. 
35 • 880 2.12 5.51 10.3 21.3 56.8 105. 222. 585 • 
42.5 1.72 4.51 11.2 21.4 47 K~K 134 . 250. 554. 
50 4.67 11.7 42.2 95.0 237, 778. 
61 micron spheres Bob 5 S 
0 0.280 0.606 1.43 2.93 5.86 14.1 29. 0 59.5 147. 311. 
20 .556 1.16 2.96 5.44 11.3 29.6 59. 0 115. 302. 623. 
35 1.23 2. 82 7.31 13.8 28.3 74.8 141. 292. 764. 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000(1 500/1 200{1 100/1 50/1 20{1 10/1 5/1 2/1 1/1 Setting 
no o.oo 3 .00967 .02 1 .0483 .0965 .2 1 .483 .967 2.42 4.83 Rad/Sec 
Cone % 61 micron spheres Bob 5 S -- Continued 
42.5 2.68 5.69 15.2 30.6 65.0 168. 334 . 698 
50 5.90 14.8 43.3 92.2 208. 563. 
Cone % 61 micron spheres Bob 6 S 
0 0.193 o.412 0.988 2.02 4.05 9.78 20.1 41.3 104. 223. 
20 • 374 .796 2.04 3.98 8.09 20.0 40.1 80.9 207. 425 • 
35 • 960 2.13 5.33 10 .0 20.6 53.0 101. 208. 538. 
42 .5 1.93 4.14 10.6 21.1 43.6 119. 238. 482. 
50 5.04 11.4 30.7 69.6 150. 432. 824. 
I-' 
125 micron spheres Bob 3 G (J\ \D 
0 0.276 0.598 1.38 2.80 5.66 13.7 27.9 143. 57.3 300 • . 
20 .504 1.13 2.93 5.74 11.1 29.1 57.0 295. 113. 602. 
30 .792 1. 94 5.24 8. gr 19.5 52.5 91.6 544. 201. 
40 1.66 4.52 12.2 20.3 51.7 127. 228. -- 513. 
45 3.37 14.2 28.4 42.2 125. 348. 441. 
45 5.40 9.90 26.2 56.1 113. 368. 632. 
52.36 15.2 58.8 202 . 362. 1000. 
125 micron spheres Bob 4 G 
0 0.217 o.46o 1.06 2.13 4.30 10.4 21.2 43.6 110. 235. 
20 .412 
-- -- 4.79 -- -- 45 .5 -- -- 486. 
30 .713 
-- --
8.05 
-- --
82.5 
-- -- 835. 
40 1.37 4.10 -- 16.9 41.0 -- 207. 477. 
45 2.48 6.89 
-- 32.9 73.6 -- 365. 747. 
52.36 9.30 25.7 108. lo/!. 616. 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000/l 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Settirg 
'b 0.0043 .00967 .0241 .0483 .0965 .241 .483 .967 2.42 4.83 Rad/Sec 
Cone % 125 micron spheres Bob 4 G 
0 0.190 o.427 1.04 2.10 4.26 10.3 21.0 43.3 109. 231. 
20 • 442 .829 1.71 2.34 7.12 15.9 32.1 SS~O 192 . 445 • 
20 • 432 . 901 1.89 3.56 7.63 16.8 33.4 72.0 198. 446 • 
30 • 636 1.54 3.17 5.70 12.6 28.2 53.8 117. 360 • 748. 
30 • 789 1.52 3.03 6.20 12.2 26. 5 59.3 112. 346 • 731. 
40 1.60 3.19 8.04 16.7 34.9 80.3 166. 312. 925. 
40 1.55 3. 57 8.88 17.9 38.9 91.3 184. 376. 921. 
52.36 10.4 26 .5 ,, 73.8 145. 382. 920. 
125 micron spheres Bob 5 S I-' 
-.;i 
0 0.266 0.592 1. 39 2.84 5.76 13.9 28.4 58.4 145. 305. 0 
20 .500 1.12 O~ 9S 5.58 ll.l 29.5 56.6 115. 305. 596. 
30 .800 2.01 5.22 9.23 20.5 53.4 95.9 205 . 535. 
40 1.70 4. 43 11.3 22.2 48.4 134. 251. 542. 
45 2.72 7 .90 21.2 40.6 92.5 267. 466. 
52.36 7.45 25 .5 74.o 137 · 459. 
125 micron spheres Bob 6 S 
0 0.199 o. 428 1.03 2.09 4.21 10.2 21.l 42.8 108. 231. 
20 .395 • 818 2.11 4.12 8.22 21.6 42.0 84.7 222. 454 • 
30 .593 1.35 3.56 7.06 13.9 37.1 72.2 145. 384. 767. 
40 1.16 2.94 7.86 14.3 31.7 89.1 158. 349. 938. 
45 1.95 5.09 14.1 26.0 64 .o 172. 331. 720. 
52.36 4.54 11.6 40. 3 75.0 215 . 651. 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
~ 0.0043 .00967 .0241 .0483 .0965 .241 .483 .967 2.42 4.83 Rad/Sec 
Cone % 183 micron spheres Bob 5 S 
0 .338 .656 1.438 2 .92 5.76 13.7 28.8 57.6 143. 310. 
15 . 438 . 977 2.33 4.49 8.72 22.3 44.8 83.5 208 • 425. 
20 .50 .956 2.49 4.69 9.14 24.9 47. 94.1 249. 514. 
30 .825 1.73 4.39 8.52 18.o 47.8 86.3 159. 407. 920. 
l+O 1.46 3.70 6.26 14.4 39.6 59.4 140. 372. 920. 
50 7.05 11.7 29.5 55. 142. 249. 535. 
55 8. 94 20.7 50.3 123. 258. 675. 
0 .326 • 634 1.41 2.86 5.71 13.6 27.9 56.6 140 • 300. 
5 .321 .663 1.53 3.11 5.95 14.8 30.2 59.4 152. 315. 
10 .332 .682 1.64 3.41 6.53 15.8 33.3 66.6 164. 355. 
25 • 568 1.09 3.12 6. CJ7 10.4 33. 4 67.4 99.3 298 • 658. I-' 
-.:i 
0 .27 .562 1.34 2.76 5.52 13.2 27.5 55.8 138. 2<]7. I-' 
35 • 905 2.30 6.08 9.87 20.5 56. 2 100 . 228. 603. 
45 2.76 6.67 15.1 24.8 44.6 118. 240 . 558. 
40 1.36 -- 7.30 14.1 36.7 74.8 -- 290. 918. 
Cone % 183 micron spheres Bob 5 S 
0 .290 .605 1.4 2.67 5.61 13.46 27.75 56.4 139.6 298. 
30 .642 1.83 4.19 9.0 15.3 40.6 90.2 174. 455. 7<J7 . 
30 .824 
--
4.46 9.28 
--
44.7 105 . 
--
407. 
30 .87 1.81 4.76 8.9 15.3 46.6 84. 161. 383. 
30 1.01 1.98 5.01 9.2 18.2 48.4 84. 175. 452. 
30 .836 1.89 4.62 7.76 16.6 43.9 71.2 164. 425. 
30 .935 2.06 4.44 8.84 18 .7 4S~ 1 87.2 159 • 418. 
30 • 856 1.85 4.64 7.36 17.7 45.7 8o.4 143. 407. 
30 .700 1.89 4.51 8.24 17.0 45.1 84. 142. 433. 30 • 998 1.87 -- 8.48 17.4 -- 71. 154.8 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
% 0.0043 .00967 . 0241 .0483 .0965 .241 .483 .967 2.42 4.83 Rad/Sec 
Cone % 183 micron spheres Bob 4 G 
0 .212 • 441 1. 01 2.05 4.08 9,95 20.1 41.2 104 • 222. 
35 .857 2.14 4.70 7.99 17.6 42 .5 82.6 157. 393. 820. 
45 2.02 4.32 10. 5 19.0 38.1 79.8 134. 356 . 
35 .858 2.15 4.79 8.20 18.0 43.3 88.3 170. 437. 866. 
Cone % 183 micron spheres Bob 3 G 
45 3.50 7. 35 18.2 39.9 86.2 244. 481. 757. 
35 .951 2.40 6.47 9.99 23.0 62.2 109. 238. 7CJO. 
0 .269 .601 1.49 2.99 5.96 14.4 29.4 59.6 145. 313. I-' --;i 
5 .323 • 707 1.63 3.24 6.61 15.9 32.1 66 .2 165 • 351. 
I\) 
10 .368 ,778 1.85 3.48 7 .29 18.o 34.7 73.2 185 . 394. 
15 .405 .911 2.15 3. 9'2 8.09 20. 0 38 .2 79.7 210 • . 471. 
20 .470 1.19 2.69 4.83 10.3 24 .9 47.0 98.1 267. RTT~ 
25 .601 1.59 3.56 6.17 14.l 33.2 60.8 133 . 346. 744. 
30 .688 2.03 4.96 7.77 17.5 42.5 83.7 180. 471. 
35 1.05 2.59 6.70 10.8 25. 2 64.3 114. 242 . 795. 
40 2.29 5.03 12 .4 26.5 53.5 126. 248. 498. 
45 3.64 8.oo 23.2 44.2 90.1 2l.f2. 460. 746 . 
50 8.56 21.0 54 .9 ll8. 239. 583. 
Cone % 183 micron spheres Bob 4 G 
0 0.179 o.412 1.01 2.09 4.21 10.3 21.0 43.1 109. 231. 
5 .207 .470 1.14 2.31 4.76 11.4 23.6 48.1 121. 240 . 
10 .287 .571 1.26 2.57 5.30 12.7 25 .6 53.5 135. 29'2. 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 ' 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
no .0043 .00967 .0241 .0483 .0965 .241 .483 .967 2.42 4.83 Rad/ Sec 
Cone % 183 micron spheres Bob 4 G -- Continued 
15 .315 .656 1. 58 3.06 6.41 15.6 31.l 64 .8 165. 349. 
20 .396 .827 1. 97 3.49 7.70 19.0 36.7 78 .7 202. 425. 
25 .437 1.08 2.57 4.46 9.87 25.0 48 .3 98.4 261. 557. 
30 .568 1.48 3.68 5.82 14.5 35.1 61.8 138. 362. 776. 
35 .992 2.20 5. 33 10.6 21.l 54.4 103. 205. 600. 
40 1.42 2. 96 7 . 98 15.5 31.7 81.7 152. 303. 830. 
45 2.14 4.96 12.42 27.5 60.9 141. 264. 537 . 
50 4.48 9.80 28.0 76.8 142.- 361. 736 . 
Cone % 183 mi cron spheres Bob 5 S I-' 
-..J 
0 0.267 0.594 1.39 2.87 5.76 13. 2.· 28,2_.- 58.0 143. 303. w 
10 .348 • 784 1. 90 3.75 7.61 18.5 37 .6 76.0 187 • 391. 
20 .536 1.17 2. 87 5.57 11.0 27.9 55 .4 107. 281. 586. 
30 .964 2. 04 5.21 9.75 20.3 52.0 98 .6 200. 511. 
40 2.07 4.73 11.l 23.7 52.0 124. 242 . 500. 
50 5.23 11.8 36 .7 82.3 177. 453. 872. 
Cone % 183 micron spheres Bob 6 S 
0 0.215 o.451 1.07 2.21 4.41 10.6 21.7 44Kl~ 112. 239. 
10 .272 .586 1.41 2.87 5.74 14.1 29.0 59.1 146. 308. 
20 .390 .831 2.14 4.28 8.31 21.3 43.5 82.9 217. 451. 
30 .700 1.54 3.89 7.85 15.1 38.3 78 .7 149. 376 . 804. 
40 1.62 3.60 9.64 19.6 40.3 106. 215. 408. 
50 4.05 UK~KS 24 .6 56.8 128. 375. 704. 
TABLE A 5 -- Continued 
Raw Data for Monomodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setti ng 
no .0043 .00967 .0241 .0483 .0965 .241 .483 .967 2.42 4.83 Rad/Sec 
Cone °/o 221 micron spheres Bob 3 G 
0 0.268 0.600 1.47 2.92 5.88 14.5 29.2 59.7 150. 314. 
20 • 604 1. 36 3.15 5.65 11.0 30.1 55 .2 116 • 201. 587, 
40 2.56 6.52 17 .0 31.8 58.0 165. 333. 602. 
45 5.17 10.8 30 .4 65.1 154. 345. 615. 
50 8.65 23.2 65.0 129. 284 . 810. 
Cone °/o 221 micron spheres Bob 4 G 
0 0.202 o. 433 1.02 2.04 4.15 10.1 20.5 42.4 107. 226. 
20 .370 .820 2.13 4.05 8.20 21.6 41.1 82.2 . 215. 438. 
40 1.51 3.81 8.94 17. l 4o .o 89. 182. 382. 
45 2.75 6. 52 16.8 30.2 72 .0 200. 330. 730. -- -- I-' 
50 5.90 13.8 43 . 87.1 177 . 515. 1000. -.l -- -- -- + 
Cone °/o 221 micron spheres Bob 5 S 
0 0.266 0. 574 1.38 2.79 5.59 13.6 27.8 56.8 141. 299. 
20 .510 1.07 2.82 5. 44 10.6 27.8 56.5 111. 285. 603. 
40 2.03 5.10 12.7 24.6 60.5 145. 252. 512 . 
45 3.36 7.62 21.1 . 39.5 93 .3 223. 380. 836. 
50 5.54 13.8 48 .5 93.5 200 . 560. 950. 
Cone "/o 221 micron spheres Bob 6 S 
0 0.210 o.438 1.02 2.05 4.15 10.1 20.5 42.2 107. 226. 
20 .360 • 802 2.00 3.88 7.76 19.3 39.7 79.6 200. t~PM • 
l+o 1.35 3. 3G 8.60 17.l 36.0 91.0 172. 347. 902. 
45 2.80 5.21 14.7 28.1 61.2 164. 322 . 620. 
50 4.17 9.55 28.8 61.8 134. 351. 710. 
TABLE A 6 
Raw Data for Bimodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/l 5/1 2/1 l/l Setting 
no .0043 .00%7 .0241 .0483 .0965 .241 .483 .967, 2.42 4.83 Rad/Se: 
Comp. Torque, dyne -cm. 
26/183 micron spheres 403 total concentration Bob 5 S 
100/0 3.44 8.07 20 .0 35 .0 70.0 171. 328. 608 
90/10 2.63 6.12 15 .9 29.0 67.5 152. 310. 592. 
90/10 O~MM 4.68 10.8 22.8 49.2 137. 280. 553. 
80/20 1.51 3.64 8.70 18 .3 42 .0 92.0 201. 420. 
70/30 1.61 4.02 8.20 16 .8 37.2 87.0 178. 394. 
60/40 1.35 3.15 7. 70 15.6 33 .2 78. 3 159· 342. 797. 
50/50 1.33 2 .86 7.47 15 .6 30.4 79.1 162. 305. 774. 
40/60 1.29 2.86 7.40 14.6 30.2 76.0 147. 306. 740. 
30/70 -- 2.32 -- -- 29.0 -- -- 289. 702 . -- I-' 
20/80 1.35 2.99 7.65 15 .0 30.2 151. 304 . 748. 
-.:i 
77. 3 -- \J1 
10/90 1.45 3.70 8.20 16 .3 3l1-. 3 90 .0 172. 340. 851. 
0/100 
--
4.10 
-- --
44 . 9 
--
226. 428. 
26/183 micron spheres 50/50 composition Bob 5 S 
203 o.483 1.06 2.72 4. 50 l0.3 26.6 53. 5 104. 276. 555. 
301/o .765 1.63 4.24 8.38 16.2 41. 3 83 . 9 161. 414. 857. 
45% 1.78 4.28 9.80 21. 9 46 .2 107. 222. 463. 
501/o 3.74 7.21 17 .2 38.7 76. 5 180. 372 . 753. 
55% -- 12.5 32.0 60.6 125. 314 . 658 . 
603 -- 44.o 122 . 324 . 500. 
03 0.262 .587 1.43 2.88 5.84 14.3 29.0 59.3 149. 311. 
03 .261 • 577 1.38 2.81 5.70 13.7 28.1 57.5 141. 302 • 
TABLE A 6 -- Continued 
Raw Data for Bimodal Suspensions 
Insco 1000/1 500/ 1 200{1 100/1 50/1 20{1 10/1 5/1 2/1 1/1 Setting 
n .0043 .00967 .02 1 .0483 .0965 .2 1 .483 .%7 2.42 4.83 Rad/Sec 0 
26/183 micron spheres 30/70 composition Bob 5 S 
201/o o.439 1.04 2.63 5.08 10.1 25.4 51.0 100. 256. 543. 
3CP/o .744 1.60 4.02 7 .92 15.4 40.2 78.0 162. 392, 821. 
401/o 1.37 2. 90 7.45 14.o 29.8 73.2 140. 293. 734. 
5CP/o 2.73 6.35 14.7 31.7 64.5 152. 304. 620. 
6CP/o 8.82 17.8 40 .5 r;x).2 180. 442. 
61/125 micron spheres 401/o total concentration Bob 3 S 
o/o 0.239 0. 536 1. 32 2.64 5,34 13.0 26.4 54.2 136. 285. 
o/o .240 .546 1.33 2.70 5.48 13.3 27.1 55.4 139. 291. 
o/ o .272 .529 1. 34 2.68 5,4.4 13.1 26.7 55.0 137. 290. f--' 
o/ o .218 1.34 56.0 294. --:i .553 2.72 5.51 13.3 27.2 139. 0\ 
0/100 2.15 4.65 11.3 22.5 44.5 117. 229. 456. 
30/70 1.94 4.26 11.1 22.7 44.5 125. 233. 449. 
50/50 1.96 4.88 10.5 22.8 50.7 109. 223. 498. 
100/0 2.CJ{ 5.44 13.8 24.2 55.6 144. 265. 556. 
40/60 1.82 4.04 10 .1 21.2 39.7 105. 223. 418. 
61/183 micron spheres 401/o total concentration Bob 3 S 
o/o 0.274 0.610 1.46 3.00 6.02 14.5 29.9 60.9 151. 320. 
0/100 2.06 4.56 11.5 22.2 47;0 110. 236. 438. 
30/70 1.56 3,19 9.04 17.4 36.0 91.4 178. 365. 937 ~ 
40/60 1.51 3.61 9.06 17.9 36.9 90.2 176. PS4~ 923. 
50/50 1.50 3,53 8.88 17.7 36.l 90.0 178. 364. 927. 
60/40 1.53 3,57 9.18 18.1 37,9 92.6 184. 381. %1. 
60/40 1.70 3.69 9.06 19.0 38.9 94.0 191. 386. g-(8, 
TABLE A 6 -- Continued 
Raw Data for Bimodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
E~ . 0043 .00967 .0241 .0483 . 0965 .241 .483 .967 2.42 4.83 Rad/Sec 
61/183 micron spheres 40% total concentration Bob 3 S 
70/30 1.63 3.72 9.64 19.6 38.6 98.2 198. 392. 
100/0 1.78 4.10 10.5 21.2 43.0 110. 215. 447. 
61/183 micron spheres 40/60 compos ition Bob 3 S 
3!Jl/o 0.808 1.79 4.59 8.72 17.7 44.4 83.6 172. 438. 897. 
51Y/o 4.24 10.l 28.0 53.9 112. 290. 564. 
60% 17.2 49.4 188. 406. 
61/221 micron spheres 40% total concentration Bob 3 S ~ 
o/o MKOT~K -..J 0.618 1.49 3.04 6.14 15.0 30.6 62.0 156. 328 . -..J 
30/70 1.70 3.gr 9.50 18.6 38.9 91.7 176. 342. 930. 
40/60 1.73 3.79 9.75 18.7 37.2 93.0 170. 349. 876. 
50/50 1.55 3.60 9.14 17.9 34. 7 89.0 177. 355. 939. 
TABLE A 6 -- Continued 
Raw Data for Bimodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
no 0.00596 .0134 . .0334 .0668 .134 .334. .669 1.34 3.35 6.69 Rad/Sec 
Torque, dyne-cm. 
Comp. 26/61 micron spheres 40% total concentration Bob 3 S 
o/o 0.321 0.770 1.90 3.87 7.73 18.9 38.7 79.0 200. · ' 420. 
0/100 3.02 6.54 16.6 34 .o 70.4 170. 336. 626. 
30/70 3.01 7 .54 16 .2 31.6 60 .5 141. 276. 541. 
40/60 3.70 6.99 17.0 33.9 59.8 137. 278. 518. 
50/50 5.45 10.2 22.7 40.2 68.o 143. 288. 575. 
100/1 76.0 87 .5 116 . 135. 178. 284. 452. 
f-' 
26/125 micron spheres 40% total concentration Bob 3 S -..:J co 
o/o 0.344 0.776 1.89 3.84 7.69 18.8 38.5 78.6 198. 420. 
0/100 2.53 5.84 15.3 30.5 62.3 148. 286. 615. 
30/70 2.60 5.95 13.l 24 .8 48 .6 112. 213. 448. 
40/60 2.72 6.56 19.2 25 .5 51.9 114. 219. 465. 
50/50 2.82 7.05 i4.o 29. 3 55 .7 117. 236. 471. 
26/125 micron spheres 30/70 composition Bob 3 S 
20% o.657 1.43 3.57 7,30 14.4 35,8 73.0 143. 391. 786. 
301/o 1.27 2.58 6.43 12.4 24.6 59,3 116. 228. 583. 
\ 50% 6.78 13.8 33.9 65.0 131. 308. 602. 
125/221 micron spheres 40'fe total concentration Bob 3 S 
o/o 0.385 0.834 2.02 4.15 8.30 2.03 41.8 84.6 214. 444. 
30/70 3.03 6.78 16.7 33,3 66.6 166. 313. 639, 
40/60 2.72 6.16 14-. 8 32.4 60.0 147. 285. 570. 
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TABLE A 7 
Raw Data for Trimodal Suspensions 
Insco 1000/1 500/1 200/1 100/1 50/1 20/1 10/1 5/1 2/1 1/1 Setting 
no 0.00596 .0134 .0334 .0668 .134 .334 .669 1.34 3.35 6.69 Rad/Sec 
Torque, dyne-cm. 
0 0.369 0.822 2.00 4.06 8.13 19.9 40.6 82.7 210. 442. 
0 .369 • 823 2.02 4.12 8.14 20.2 41.3 83.2 213. 448 • 
1 3.58 7.57 18.6 35.8 70.6 170. 327. 675. 
2 3.46 7.46 18.8 36.2 74.6 181. 354. 703. 
3 5.07 9.60 21.6 40.9 73.6 166. 342. 681. 
4 4.07 9.18 21.l 39.7 77.5 185. 374. 720. 
5 3.34 6.87 17.8 34.4 69.2 164. 321. 644. 
6 4.90 9.30 20.7 38.5 73.1 168. 331. 651. 
7 3.76 7.58 18.2 39.1 74.8 183. 361. 676. -- -- I-' 
,,.. 8 3.14 7.25 17.7 35.0 70.3 173. 316. 657. CP -- -- 0 
12 3.21 7.00 18.o 35.4 73.9 164. 351. 682. 
13 . 3.42 7.54 17 .3 38.1 75.8 188. 368. 759. 
